Tunnel number one knots satisfy the Berge Conjecture by Li, Tao et al.
TUNNEL NUMBER ONE KNOTS SATISFY THE BERGE
CONJECTURE
TAO LI, YOAV MORIAH, AND TALI PINSKY
Abstract. Let K be a tunnel number one knot in M , where M is either S3, S2×S1,
or a connected sum of S2 × S1 with a lens space. We prove that if a Dehn surgery
on K yields a lens space, then K is a doubly primitive knot in M . For M = S3 this
resolves the tunnel number one Berge Conjecture. For M = S2 × S1 this resolves a
conjecture of Greene and Baker-Buck-Lecuona for tunnel number one knots.
Introduction
One of the main goals of low dimensional topology is to determine which manifolds
are obtained by Dehn fillings on knots in the 3-sphere. D. Gabai proved, in [13], the
Property R Conjecture, i.e. if a Dehn surgery on a knot in S3 yields S2×S1, then the
knot must be a trivial knot. Another major achievement in the 80’s was the proof by
C. Gordon and J. Luecke, in [16], that if non-trivial surgery on a knot yields S3 then
the knot must be the trivial knot. Both S2 × S1 and S3 are lens spaces. So a natural
question is:
Question 1. Which knots in S3 other than the unknot have non-trivial surgery re-
sulting in a lens space which is not S3 or S2 × S1?
This question was first raised by L. Moser in 1971 in [21]. She determined the
surgeries on torus knots yielding lens spaces. Subsequently, Bleiler and Litherland [9],
Wang [31] and Wu [32], independently, characterised the surgeries on satellite knots in
S3 which result in lens spaces. The question is still unresolved for hyperbolic knots.
In his celebrated notes, see [30], W. Thurston proved that each hyperbolic knot has
only finitely many surgery slopes so that the manifolds obtained by Dehn fillings along
these slopes fail to be hyperbolic. (In fact this number is uniformly bounded over
all knots.) There was a huge effort by many mathematicians to precisely determine
these fillings. As lens spaces are non-hyperbolic, the above question can be viewed as
a special case of this huge task.
John Berge observed, see [6], that if a knot K is doubly primitive (see definitions
below), then a Dehn surgery on K yields a lens space. He compiled a list of twelve
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families of doubly primitive knots K ⊂ S3 including known cases of torus and satellite
knots. Berge proved that a knot K ⊂ S3 is on this list if and only if K is doubly
primitive. Berge asked in 1995 if the list is complete (see [20] Problem 1.78). This
question became to be known as The Berge Conjecture:
Conjecture 2 (The Berge Conjecture). Let K ⊂ S3 be a non-trivial knot which has
Dehn surgery resulting in a lens space. Then K is doubly primitive.
A simple closed curve on the boundary of a genus two handlebody is primitive if
the handlebody has a compressing disk that transversely intersects this curve in a
single point. A knot K ⊂ M is doubly primitive if M has a genus two Heegaard
splitting and K can be isotoped onto the Heegaard surface so that K is primitive in
both handlebodies of the Heegaard splitting. Note that if one adds a 2-handle to a
genus two handlebody along a primitive curve, then the resulting manifold is a solid
torus. Thus a doubly primitive knot always has a Dehn surgery that will result in a
lens space.
Given a knot K in a closed orientable 3–manifold M , a tunnel system for K is a
collection of disjoint properly embedded arcs {t1, . . . , tn} in the knot exterior E(K) =
M r N (K), where N (·) means a regular neighborhood of {·}, such that E(K) r
N (∪ni=1ti) is a handlebody. The tunnel number of the knot K is the minimal number
of arcs in a tunnel system for K. Note that a knot K has tunnel number n if and only
if M rN (K) has Heegaard genus n+ 1.
Let K ⊂ M be a doubly primitive knot. If one pushes K into the interior of either
genus two handlebody of the corresponding Heegaard splitting, then after removing
N (K), this handlebody becomes a compression body and the genus two Heegaard
surface for M becomes a Heegaard surface of M rN (K). Moreover, the 1-handle in
the compression body determines an unknotting tunnel for K. This means that all
doubly primitive knots have tunnel number one.
Therefore, the Berge Conjecture can be divided into two parts:
Conjecture 3 (The tunnel number one Berge Conjecture). If K ⊂ S3 is a tunnel
number one knot which admits a Dehn surgery resulting in a lens space, then K is
doubly primitive.
Conjecture 4 (The Lens space Dehn surgery). If K ⊂ S3 is a nontrivial knot which
admits a Dehn surgery resulting in a lens space, then K is a tunnel number one knot.
As the notion of doubly primitive knots is not limited to S3, one can ask whether a
conjecture equivalent to the Berge Conjecture holds for other manifolds with Heegaard
genus at most 2:
Question 5. Let K be a knot in a 3-manifold M such that a Dehn surgery on K yields
a lens space. Is K necessarily doubly primitive with respect to a genus two Heegaard
splitting of M? In other words, for what 3-manifold M , does the Berge Conjecture
hold?
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The answer to Question 5 is known to be false if M is the Poincare´ homology
sphere [1] and is false for lens spaces in general [2]. The next conjecture, which was
made by J. Greene (see [15, Conjecture 1.8]) and by Baker, Buck and Lecuona (see
[2, Conjecture 1.1]), says that the answer to Question 5 is expected to be true if M is
S2 × S1.
Conjecture 6 (Berge Conjecture for S2×S1). If K is a knot in S2×S1 which admits
a lens space Dehn surgery, then K is doubly primitive.
In Theorem 7, below, we prove Conjecture 3. In fact, Theorem 7 says that Conjec-
ture 6 also holds for knots with tunnel number one.
Theorem 7. Let K ⊂M be a tunnel number one knot, where M is either S3, S2×S1
or (S2 × S1)#L(r, s), (where L(r, s) is any lens space). If a Dehn surgery on K yields
a lens space, then K is doubly primitive.
Theorem 7 also gives strong evidence that Question 5 may be true if M is a connected
sum of S2 × S1 and a lens space.
Let K be a knot in S3. We say that K admits genus reducing surgery if S3rN (K)
has a non-trivial surgery resulting in a manifold M so that g(M) ≤ g(S3rN (K))− 1,
where g(X) denotes the Heegaard genus of the manifold X. It will be called strongly
genus reducing surgery if g(M) < g(S3 rN (K))− 1. The second author conjectures:
Conjecture 8 (Strong genus reducing surgery). Knots in S3 do not have strongly
genus reducing surgery slopes other than the slope of the meridian.
The following is a weaker conjecture:
Conjecture 9. For any knot K ⊂ S3, no integer slope is a strongly genus reducing
surgery slope.
It is a consequence of the Cyclic Surgery Theorem [12] that if K ⊂ S3 is a hyperbolic
knot only integer slope surgery can yield a lens space. Thus Conjecture 9, if true,
together with Theorem 7 implies the Berge Conjecture.
The Berge Conjecture has been studied extensively, e.g., by Berge himself [6, 7, 8]
also by D. Gabai [14], K. Baker, E. Grigsby, and M. Hedden [4], P. Ozsvath and Z.
Szabo [25], J. Rasmussen [26], T. Saito [27], M. Tange [28, 29], Y. Ni [23], J. Greene
[15] and others. There is some strong evidence for the Berge Conjecture. For example,
Yi Ni [23] proved that if a knot in S3 admits lens space surgery, then the knot must
be fibered (all Berge knots are fibered). Greene proved that if a lens space can be
obtained by surgery on a knot in S3 then such a lens space can be obtained by a knot
in the Berge list (see [15, Theorem 1.3]).
However, very little is currently known on either Conjecture 8 or Conjecture 9. Some
results in this direction were obtained by K. Baker, C. Gordon and J. Luecke, see [5,
Corollary 1.1].
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CHAPTER 1
Preliminaries
In this chapter we describe the setup and the main tools. Throughout the paper, we
assume that M is either S3, S2×S1 or (S2×S1)#L(r, s), where L(r, s) is a lens space.
For any space Y , we use |Y | to denote the number of components of Y , use int(Y ) to
denote the interior of Y and use N (Y ) to denote a small regular neighborhood of Y .
1.1. Primitive and doubly primitive
We begin with some definitions:
Definition 1.1.1. A compression body is a connected 3-manifold U obtained by adding
2-handles to a product Σ× I along Σ×{0}, where Σ is a closed and orientable surface,
and then capping off resulting 2-sphere boundary components by 3-balls. The surface
Σ × {1} is denoted by ∂+U and ∂U r ∂+U is denoted by ∂−U . If ∂−U = ∅ then U
is a handlebody. One can also view a compression body with ∂−U 6= ∅ as a manifold
obtained by adding 1-handles on the same side of ∂−U × I.
A Heegaard splitting of a 3-manifold Y , denoted by (U,W ), is a decomposition of Y
into two compression bodies U and W along a closed surface Σ = ∂+U = ∂+W , and Σ
is called a Heegaard surface.
Let K ⊂ M be a knot in M . Throughout the paper, we will use (U,W ) to denote
a Heegaard splitting for M r N (K) with ∂−U = ∂(M r N (K)) being the boundary
torus, and we use Σ to denote the Heegaard surface. Note that a trivial Dehn filling
along ∂−U extends U to a handlebody V , and hence Σ is also a Heegaard surface of
M . Throughout the paper, we use (V,W ) to denote this Heegaard splitting of M , with
Σ = ∂V = ∂W , K ⊂ V and U = V rN (K).
For any surface S properly embedded in a compression body U , we use ∂−S to denote
S ∩ ∂−U and ∂+S to denote S ∩ ∂+U ⊂ Σ.
Throughout this paper P will denote a planar surface which is not a disk in U . We
require further that P has a single boundary component on ∂+U and N ≥ 1 boundary
components on ∂−U .
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An annulus A properly embedded in the compression body U is called a vertical
annulus if A is incompressible and has one boundary component in ∂+U and the other
boundary component in ∂−U . Note that there are many vertical annuli in U even with
the same ∂−A curve, for example, taking band sums of A with compressing disks in U .
Definition 1.1.2. Let (U,W ) be a Heegaard splitting of M rN (K) as above. Let P
be a planar surface properly embedded in U and D a compressing disk in W . Suppose
∂+P is a single curve transversely intersecting ∂D in Σ. We say that (P,D) is a (P ,D)-
pair with respect to the Heegaard splitting and a slope r if ∂D ∩ ∂+P is a single point
and ∂−P consists of essential curves of slope r in the boundary torus. If P is an annulus
then we say that (P,D) is an (A,D)-pair.
In this paper we suppose that a Dehn surgery on K yields a lens space. So we require
the slope r of ∂−P to be the surgery slope.
Lemma 1.1.3. Let K be a knot in M , where M is either S3, S2 × S1 or (S2 ×
S1)#L(r, s). Suppose K admits a Dehn surgery resulting in a lens space. Then either
K is a torus knot on a Heegaard torus and hence K is doubly primitive, or the surgery
slope is an integer slope.
Proof. If M = S3, then since K admits lens space surgery, by the Cyclic Surgery
Theorem (see [12]), either the surgery slope r is an integer or K is a torus knot. Since
a torus knot is doubly primitive (see [6]), the lemma holds.
Suppose therefore that M is S2 × S1 or (S2 × S1)#L(r, s). First consider the case
that M rN (K) is reducible. If M rN (K) contains a nonseparating S2, then it has
an S2 × S1 summand and hence M r N (K) also contains a separating essential S2.
Thus we may assume that M rN (K) = M1#M2 and that ∂(M rN (K)) is contained
in M2. Since a Dehn filling on M rN (K) yields a lens space, this Dehn filling on M2
must yield S3. As M is S2×S1 or (S2×S1)#L(r, s), another Dehn filling on M2 yields
S2 × S1 or L(r, s). By the Property R Theorem [13] and the Cyclic Surgery Theorem
[12], the intersection number of the two Dehn filling slopes is one. Hence the surgery
slope r is an integer and the lemma holds.
Now assume that M r N (K) is irreducible. Hence, by [11, Corollary 1.4 ], either
the surgery slope is an integer slope or M rN (K) is a simple Seifert fibered space. If
M r N (K) is a simple Seifert fibered space, then it contains an essential annulus A
which divides M rN (K) into two solid tori. Since M is S2×S1 or (S2×S1)#L(r, s),
M rN (K) admits an essential planar surface with∞-slope, i.e. S2rN (K), where S2
is an essential 2-sphere in either S2 × S1 or (S2 × S1)#L(r, s). By [17], the boundary
slope of A and the boundary slope of the planar surface S2 r N (K) has geometric
intersection one. Hence the boundary slope of A is an integer slope. This means that
K is a simple closed curve on a Heegaard torus of M , i.e. a torus knot. Similar to the
argument about torus knots (see [6]), K is doubly primitive with respect to a genus
two Heegaard surface. 
Proposition 1.1.4. Let K ⊂ M be a tunnel number one knot which admits a lens
space surgery, where M is either S3, S2 × S1 or (S2 × S1)#L(r, s). Then K is doubly
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primitive if there is an (A,D)-pair with respect to a genus two Heegaard splitting of
M rN (K) and the surgery slope.
Proof. Suppose (A,D) is such a pair, i.e. A ⊂ U is a vertical annulus meeting the
disk D ⊂ W in a single point in ∂+A. If we perform Dehn filling along the slope r
of ∂−A, A extends to a disk and the (A,D)-pair extends to a stabilizing pair in the
manifold M(r) obtained by Dehn filling along the slope r. Since the Heegaard splitting
has genus two, this implies that M(r) has Heegaard genus at most one and hence is a
lens space.
As in Lemma 1.1.3, this means that the slope r of ∂−A is an integer, or K must be
doubly primitive. Suppose r is an integer, then ∂−A and hence ∂+A are isotopic to the
knot K in M . So we may isotope K to the curve ∂+A ⊂ Σ. Since ∂+A transversely
intersects ∂D in one point, K is primitive in W . Since U is a compression body,
U contains a vertical annulus A′ such that ∂−A′ has meridional slope. Hence ∂+A′
bounds a disk D′ in the handlebody V = U ∪ N (K) intersecting K in one point. So
K is primitive in V as well. 
Remark 1.1.5. A tunnel number one knot may have multiple different unknotting
tunnels. Thus, a priori, it is possible that a knot K is not doubly primitive with
respect to some genus two Heegaard surface of S3rN (K) but is doubly primitive with
respect to a different genus two Heegaard surface of S3 rN (K).
In fact, the (−2, 3, 7)-pretzel knot K is a tunnel number one knot with four un-
knotting tunnels (see [18]). John Berge pointed out that the compression body in one
of these genus two Heegaard splittings can be obtained by adding a 2-handle to the
boundary of a genus two handlebody H along a simple closed curve ρ ⊂ ∂H which
represents the word x3y2x2y2x3y3 in pi1(H) = F (x, y). In this case, there is only one
simple closed curve disjoint from ρ which represents a primitive in H, namely the curve
xy, which is the meridian of H(ρ) = S3rN (K). So clearly K cannot be doubly prim-
itive with respect to this Heegaard splitting. However the (−2, 3, 7)-pretzel knot is on
the Berge list.
1.2. A notion of complexity for a (P ,D)-pair
Let K ⊂M be a tunnel number one knot and (U,W ) a genus two Heegaard splitting
of M rN (K), where W is a handlebody, and let Σ be the Heegaard surface. Σ also
determines a Heegaard splitting (V,W ) of M with V = U ∪N (K). Suppose the Dehn
filling along a slope r yields a lens space. Note that Σ is also a genus two Heegaard
surface of the lens space. By Bonahon-Otal [10], the genus two Heegaard splitting of
the lens space is stabilized. A stabilizing pair of disks gives rise to a (P ,D)-pair (P,D),
where P ⊂ U , D ⊂ W and ∂−P has slope r. By Lemma 1.1.3, we may suppose that r
is an integer slope. Assume, throughout the paper that P is incompressible in U and
by Proposition 1.1.4, we may assume P is not an annulus.
As the Heegaard splitting is of genus two, there is a unique, up to isotopy, nonsepa-
rating disk in U which is denoted by C. There is a vertical annulus A in U such that
∂−A has∞-slope. Note that A is not unique, in fact, one can construct infinitely many
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such annuli by band summing A with C in different ways. Suppose C ∩ A = ∅. Let
γ = ∂C and α = ∂+A. Note that γ and α lie on the Heegaard surface Σ, and both γ
and α bound nonseparating disks in the handlebody V = U ∪N (K).
Definition 1.2.1. Given a (P ,D)-pair (P,D) in a Heegaard splitting of M r N (K)
and a collection of disjoint simple closed curves {α1, . . . , αn} ⊂ Σ in general position
with respect to (∂P, ∂D), define the complexity c0(P,D, α1, . . . , αn) to be the number
of segments of (α1 ∪ · · · ∪ αn)r ∂P which intersect D.
For a given (P,D), consider the complexity c0(P,D, α, γ), where γ = ∂C and α =
∂+A and where A is a vertical annulus in U such that ∂−A has ∞-slope. Further,
define c1(D, (α∪ γ)) to be the number of intersection points of ∂D and α∪ γ. Finally,
define the complexity
c(P,D, α, γ) = (c0(P,D, α, γ), c1(D, (α ∪ γ))
with the lexicographical order.
Proposition 1.2.2. Let (P,D) be a (P ,D)-pair and α = ∂+A as above. If c0(P,D, α) ≤
1 then K is doubly primitive with respect to a (possibly different) genus two Heegaard
splitting of M .
Proof. Assume that |P ∩ A | is minimal over all such P and A. By Lemma 1.1.3, we
may assume that the curves in ∂−P have integer slope. Hence each component of ∂−P
intersects ∂−A in exactly one point. Now consider P ∩ A. Since P is incompressible,
P does not have any ∂-compressing disk at the boundary torus (because otherwise
one can construct a compressing disk using two parallel copies of a ∂-compressing disk
at the boundary torus). Thus we may assume that, after isotopy, P ∩ A contains no
closed curve that is trivial in A and P ∩A contains no arc with both endpoints in ∂−A.
Since ∂−P ∩ ∂−A 6= ∅, this implies that P ∩A contains no closed curve. Further, each
component of A∩ P is either an essential arc in A or an arc in A with both endpoints
in α = ∂+A. Let k1, . . . , kN be arcs in A ∩ P that are essential in A. Thus k1, . . . , kN
divide A into N rectangles R1, . . . RN . By Proposition 1.1.4, we may assume P is not
an annulus and hence N ≥ 2.
Suppose c0(P,D, α) ≤ 1. Then the intersection α ∩ ∂D, if nonempty, must lie in
the boundary of the same rectangle Ri for some i. Without loss of generality, we
may assume that α ∩ ∂D ⊂ ∂R1. Set R̂ = R2 ∪ · · · ∪ RN . If P ∩ R̂ contains arcs
that are ∂-parallel in A, we can perform ∂-compressions on P along these arcs. Since
R̂ ∩D = ∅, such ∂-compressions do not create new intersection points with D. Hence,
after the ∂-compressions, one of the resulting planar surfaces still intersects D in a
single point. Thus we may assume that no arc in P ∩ R̂ is ∂-parallel in A, in other
words, P ∩ R̂ = ∪Ni=1ki.
Let K∗ denote the dual knot to K in the corresponding lens space L, where L r
N (K∗) ∼= M rN (K). We view P , D and A in the exterior of K∗. The planar surface
P can be viewed as an N -punctured disk in L r N (K∗). The arcs k1, . . . , kN , when
viewed in P , are arcs connecting the N components of ∂−P to ∂+P . Let µi be the
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∆P
ki
di
P
Σ
R̂
R̂d
(a) (b)
Figure 1. The surfaces ∆P and R̂d used to modify the Heegaard splitting.
component of ∂−P that contains an endpoint of ki (i = 1, . . . , N), and let Nµi be the
closure of a small neighborhood in P of µi ∪ ki. So Nµi is an annulus of which µi is
a boundary component. We may view Nµi as a sub-annulus of P cut off by an arc
di, where di ⊂ ∂Nµi and di is properly embedded in P , see Figure 1(a). The arc di is
basically the arc in P that goes around µi ∪ ki.
Since k1, . . . , kN are vertical arcs of the rectangle R̂, we can connect d1, . . . , dN using
a rectangle R̂d = I × I along R̂, where each di is a vertical arc in R̂d in the form of
{x} × I and R̂d ∩ Σ = I × ∂I, see Figure 1(b) (the shaded region denotes R̂). Note
that R̂d can be obtained by first taking two parallel copies of R̂ and then connecting
them around K∗. Since R̂ is disjoint from D we have R̂d ∩D = ∅.
Next we modify the Heegaard splitting (U,W ) of M r N (K) = L r N (K∗). Let
U ′ = UrN (R̂d). Note that R̂d deformation retracts to di for any i. So U ′ ∼= UrN (di)
and one may view N (R̂d) as a fat tunnel in U . As U is a compression body, there is a
vertical annulus Aµi ⊂ U between any µi and a curve in Σ. Moreover the annulus Nµi
can be isotoped to a subsurface of Aµi . In particular di can be isotoped into Aµi . As
di has both end points on Σ, di is ∂-parallel in Aµi and hence ∂-parallel in U .
Thus drilling out a tunnel in U along an arc di results in a genus three compression
body isotopic to U ′ = UrN (R̂d) and the complement of U ′ is a handlebody W ′. Thus
(U ′,W ′) is a stabilized genus three Heegaard splitting of M rN (K) = LrN (K∗).
We may view Nµi as a vertical annulus in U
′. Let ∆ ⊂ W ′ be a cocore (meridional)
disk of the (fat) tunnel N (R̂d) that we drill out from U . So ∆ ∩Nµi is a single point
and (Nµi ,∆) is an (annulus, disk) pair.
Let ∆P be the closure of P r∪Ni=1Nµi , see the shaded region in Figure 1(a). Since R̂
connects all the components of ∂−P , ∆P is a disk which can be viewed as a properly
embedded disk in U ′. Since R̂d is disjoint from D, the operation of drilling this tunnel
does not affect D. Hence we may view D as a disk in W ′ and D ∩∆P = D ∩ P is a
single point. Thus (D,∆P ) is a stabilizing pair. By cutting W
′ along D and adding
N (D) as a 2-handle to U ′ along ∂D, we destabilize the splitting (U ′,W ′) into a new
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genus two Heegaard splitting of M r N (K). As D is disjoint from both Nµi and ∆,
the pair (Nµi ,∆) described above remains an (A,D)-pair in the resulting genus two
Heegaard splitting. By Proposition 1.1.4, K is doubly primitive with respect to this
new genus two Heegaard splitting. 
Assumption 1.2.3. Throughout the paper, we assume P , D and α are chosen so that
c(P,D, α, γ) is minimal among all the (P ,D)-pairs and all such annuli A (α = ∂+A).
Lemma 1.2.4. Let P be an incompressible planar surface in U such that ∂+P is a
single curve, and let C be the nonseparating disk in U . If P ∩ C = ∅, then P is an
annulus.
Proof. Suppose P ∩ C = ∅. If we cut U open along the disk C, then the resulting
manifold is homeomorphic to T 2× I and P ⊂ T 2× I. Note that if P is ∂-compressible
in T 2 × I, then P is compressible (one can construct a compressing disk using two
parallel copies of a ∂-compressing disk). Since P is assumed to be incompressible, P
must be both incompressible and ∂-incompressible and hence pi1-injective in T
2 × I.
This means that P must be an annulus. 
1.3. Meridional disks and Whitehead graphs
Let (V,W ) be a genus two Heegaard splitting of a 3-manifold M with a Heegaard
surface Σ. Let V˜ = {V1, V2} and W˜ = {W1,W2} be complete meridian sets respectively.
That is, each is a pair of essential disks so that V r V˜ and W r W˜ are 3-balls. Let
vi = ∂Vi and wi = ∂Wi (i = 1, 2). To simplify notation, we also call vi and wi meridians
of V and W respectively. If we cut Σ open along v1 ∪ v2, we get a 4-punctured sphere
whose boundary consists of four components {v+1 , v−1 , v+2 , v−2 }, and w1 ∪ w2 is cut into
a collection of properly embedded curves in the 4-punctured sphere.
Let V̂ = {v1, v2} and Ŵ = {w1, w2}. A Heegaard diagram (Σ, V̂ , Ŵ ) for the 3-
manifold M is said to be normal if no domain in Σ r {V̂ ∪ Ŵ} is a bigon. We can
always assume that the diagram is normal after isotopy.
Definition 1.3.1 (Genus two Whitehead graphs). The graph Γ({v1, v2}) obtained, as
above, by setting {v+1 , v−1 , v+2 , v−2 } to be vertices and the arcs of (w1 ∪ w2) r (v1 ∪ v2)
to be edges is called the Whitehead graph corresponding to {v1, v2}. Similarly we have
the Whitehead graph Γ({w1, w2}) corresponding to {w1, w2}.
Ochiai states, in [24, Theorem 1], that any Whitehead graph of a genus two Heegaard
diagram of a 3-manifold is isomorphic as a planar graph to one of the three graphs
(i), (ii) or (iii) in Figure 2 below, where the integers a, b, c and d represent the number,
which can be zero, of parallel arcs corresponding to each graph edge. Note that it
is easy to understand this theorem and Figure 2 using the hyperelliptic involution:
Each nonseparating simple closed curve in a genus two surface is invariant (up to
isotopy) under the hyperelliptic involution with orientation reversed. So the involution
interchanges v+i and v
−
i (i = 1, 2) and induces an involution on the Heegaard diagram.
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For example, as wi is invariant under the involution, the numbers of arcs connecting
v+1 to v
+
2 and v
−
1 to v
−
2 are the same (indicated by a in Figure 2). Furthermore, this
theorem is about the graphs only. If one interchanges v1 and v2 or switches the ±-signs
of vi, then the diagram is of the same type. Note that if wi is parallel to vi (i.e. M has
an S2 × S1 summand) then there are no wi arcs in Γ(v1, v2).
v+1
v−1
v+2
v−2
a
a
b
b
c d
(i)
v+1
v−1
v+2
v−2
a
a
b
bc d
(ii)
v+1
v−1
v+2
v−2
a
a
b
b
c d
(iii)
Figure 2. The three graphs given in [24].
Definition 1.3.2.
(1) A standard wave ζ with respect to a closed curve κ on a surface Σ is a simple arc
so that ζ ∩ κ = ∂ζ, the arc ζ intersects κ from the same side and ζ is not homotopic
into a subarc of κ rel ∂ζ.
(2) When Σ is the boundary of a genus two handlebody V with a fixed meridian system
{v1, v2}, a standard wave ζ with respect to vi is called an s-wave if ζ is disjoint from
vj (j 6= i) and Σr (vi ∪ ζ) is connected.
(3) In a Heegaard diagram (Σ, V̂ , Ŵ ) of some 3-manifold M , where V̂ and Ŵ are
complete sets of meridians, an s-wave η ⊂ Σ with respect to a meridian vi ⊂ V̂ is
called a wave with respect to vi if η ∩ Ŵ = ∅ or η is a subarc of Ŵ .
Definition 1.3.3. Let V̂ = {v1, v2} be as above. In case there exists an s-wave η
with respect to vi, each of the three boundary components of N (vi ∪ η) bounds a
disk in the handlebody V . Since V is of genus two, we necessarily have two of the
boundary components isotopic to v1 and v2 respectively, while the third component is
the boundary of a new nonseparating disk. We call the operation of replacing the disk
Vi in the complete meridian set V˜ by the new disk the wave move of vi along η. In
this paper we often view the wave move as a two step operation: The first step is a
surgery on vi which connects the endpoints of vi rN (∂η) using two parallel copies of
η, thus obtaining two curves. Note that one of these curves is parallel to vj (j 6= i). In
the second step we delete the curve parallel to vj (j 6= i) and the remaining curve is
the boundary of the new disk obtained from the wave move.
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Remark 1.3.4. Note that N (vi ∪ η) is a pair of pants in Σ with two of its boundary
components isotopic to v1 and v2 respectively. So the new curve obtained by the wave
move can also be obtained by a band sum of v1 and v2 along an arc in N (vi ∪ η).
Meridian sets V̂ = {v1, v2} and Ŵ = {w1, w2} for a genus two Heegaard splitting of
S3 are standard if |v1 ∩ w1| = |v2 ∩ w2| = 1 and v1 ∩ w2 = v2 ∩ w1 = ∅. Meridian sets
V̂ = {v1, v2} and Ŵ = {w1, w2} for a genus two Heegaard splitting of (S1×S2)#L(p, q)
are standard if both conditions below are satisfied:
(1) The curves v1 and w1 are parallel and disjoint from v2 ∪ w2, and
(2) There is a separating essential simple closed curve in Σ disjoint from v1∪v2∪w1∪w2.
Note that a separating curve in (2) bounds disks in both handlebodies and the
two disks form a separating 2-sphere in M . A genus two Heegaard diagram of S3 or
(S1 × S2)#L(p, q) is standard if the corresponding meridian sets are standard.
The main theorem of Homma, Ochiai and Takahashi in [19] states:
Theorem 1.3.5 (Homma, Ochiai, Takahashi). Any genus two Heegaard diagram for
S3 either is standard or contains a wave.
For M = (S1 × S2)#L(p, q) we have the following theorem of S. Negami and K.
Okita in [22]:
Theorem 1.3.6 (Negami-Okita). Any genus two Heegaard diagram of (S1×S2)#L(p, q)
is either standard or contains a wave.
Lemma 1.3.7. Suppose V˜ = {V1, V2} and W˜ = {W1,W2} are complete meridian sets
for a genus two Heegaard splitting (V,W ) for a 3-manifold M and the Whitehead graph
of Γ(V̂ ) has edges connecting the vertices as in one of the following cases:
(1) there are edges connecting v+1 to v
−
1 and v
+
2 to v
−
2 , or
(2) there are edges connecting both v+2 and v
−
2 to the same vertex v
+
1 or v
−
1 , or
(3) there are edges connecting both v+1 and v
−
1 to the same vertex v
+
2 or v
−
2 .
Then the Heegaard diagram (V̂ , Ŵ ) contains no waves with respect to V̂ .
Proof. Since this is a Heegaard diagram of a 3-manifold, Theorem 1 of [24] applies and
the Whitehead graph is as in Figure 2. For case (1), the Heegaard diagram must be of
type (i) in Figure 2 with c > 0 and d > 0. Note that a wave with respect to vj must
separate v+i from v
−
i (i 6= j), so an edge between v+i to v−i prevents any wave with
respect to vj, i 6= j, i, j ∈ {1, 2}. Hence Case (1) holds.
Case (2) and (3) are symmetric. For case(2), the Heegaard diagram must be of type
(i) or (ii) in Figure 2 with a > 0 and b > 0. Similar to case (1), since the edges labeled
a and b in Figure 2 (i) and (ii) connect v+1 , v
−
1 , v
+
2 and v
−
2 together, there cannot be
any wave with respect to v1 and v2. 
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Remark 1.3.8. Note that the configurations in Figure 2 are symmetric under the
hyperelliptic involution. Therefore, if there is a wave η with endpoints in v+i , there
must be a dual wave η′ with endpoints in v−i , for example, the two edges labelled b in
Figure 2(iii).
Definition 1.3.9. If the Whitehead graph Γ(V̂ ) of the Heegaard diagram of a Heegaard
splitting (V̂ , Ŵ ) contains edges as in either Case (1), (2) or (3) of Lemma 1.3.7, we say
the Heegaard splitting (or the Whitehead graph Γ(V̂ )) has blocking edges with respect
to V . Throughout the paper, we use [v±i , v
±
j ] to denote the blocking edge connecting v
±
i
to v±j . Similarly, if the corresponding statement holds for Ŵ we say that the Heegaard
splitting (or the Whitehead graph Γ(Ŵ )) has blocking edges with respect to W .
As in Section 1.2, we have a genus two Heegaard splitting (U,W ) of MrN (K) which
extends to a Heegaard splitting (V,W ) of M with V = U ∪N (K). Given a (P ,D)-pair
(P,D) as in Section 1.2, the Dehn filling along the slope of ∂−P yields a lens space
L. The union of U and the surgery solid torus is a genus two handlebody V ′ in L,
and (V ′,W ) is a genus two Heegaard splitting of the lens space L. Moreover (P,D)
extends to a stabilizing pair for the Heegaard splitting (V ′,W ) of L. This implies that
there is a nonseparating disk E in W disjoint from P ∪D. So {D,E} form a complete
meridian set for W . Let δ = ∂D and ε = ∂E. In Section 1.2, we set a curve γ ⊂ Σ
bounding the nonseparating disk C in U and a curve α = ∂+A where A is a vertical
annulus where the slope of ∂−A is the∞-slope. Thus both γ and α bound disks in the
handlebody V in M .
Remark 1.3.10. In this paper, we will study the Heegaard diagrams and Whitehead
graphs determined by V̂ = {γ, α} and Ŵ = {δ, ε}. The basic idea of the proof is to
perform certain wave moves so that either:
(1) We can find a new (P ,D)-pair or a new α which has smaller complexity
c(P,D, α, γ) and then use Proposition 1.2.2, or
(2) The knot K is a Berge-Gabai knot [7, 14] and hence doubly primitive, or
(3) The new Heegaard diagram has no wave which contradicts Theorems 1.3.5 and
1.3.6.
We end this section with the following lemma about Heegaard diagrams which we
will use much later in the paper.
Lemma 1.3.11. Let (V,W ) be a genus two Heegaard splitting of M . Let V̂ = {v1, v2}
and Ŵ = {w1, w2} be complete sets of meridional curves of V and W respectively.
Suppose Γ(Ŵ ) contains both [w+1 , w
−
1 ] and [w
+
2 , w
−
2 ] edges and it is not the standard
Heegaard diagram of S3. Furthermore, suppose that no subarc of w1 and w2 is a wave
with respect to V̂ . Then Γ(Ŵ ) is of type (i) in Figure 2, where exactly one of a, b is 0.
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Proof. First note that since Γ(Ŵ ) contains both [w+1 , w
−
1 ] and [w
+
2 , w
−
2 ] edges, it follows
from case (1) of Lemma 1.3.7 that there is no wave with respect to Ŵ . Moreover, it
implies that Γ(Ŵ ) must be of type (i) in Figure 2 with c 6= 0 and d 6= 0.
If both a and b are 0, then there is a circle Ψ in the diagram separating {w−1 , w+1 }
from {w−2 , w+2 } and disjoint from all the edges. Since Ψ is a separating circle in Σ
disjoint from V̂ ∪ Ŵ , Ψ bounds separating disks in both V and W . This implies
that Γ(Ŵ ) is a standard Heegaard diagram of a connected sum of two lens spaces
L(c, s)#L(d, t). Since c > 0 and d > 0, none of L(c, s) and L(d, t) is S2×S1. As Γ(Ŵ )
is not the standard Heegaard diagram of S3 and since M is either S3 or a connected
sum of S2 × S1 and a lens space, this is a contradiction.
If both a 6= 0 and b 6= 0, then Σr (V̂ ∪Ŵ ) consists of four hexagons and a collection
of quadrilaterals. This implies that the other Whitehead graph Γ(V̂ ) must be of types
(i), (ii) or (iii) in Figure 2 with all the a, b, c, d nonzero. However, since w1 and w2
do not contain subarcs that are waves with respect to V̂ , Γ(V̂ ) cannot be of type (iii).
So Γ(V̂ ) is of type (i) or (ii) in Figure 2 with both a 6= 0 and b 6= 0. But, by cases
(2) and (3) of Lemma 1.3.7, this means that there is also no wave with respect to V̂
either. This contradicts Theorems 1.3.5 and 1.3.6, since such Heegaard diagrams are
clearly not the standard Heegaard diagrams for (S1 × S2)#L(p, q). 
CHAPTER 2
Planar surfaces in genus two handlebodies
2.1. Fixing the decomposition of Σ̂
Let Σ̂ be the surface obtained by cutting Σ open along ∂+P , i.e. Σ̂ is the closure of
Σ r ∂+P under path metric. As ∂+P is nonseparating, Σ̂ is a twice-punctured torus
and we use ∂+P
u and ∂+P
d to denote the two boundary components (the upper and
lower components as depicted in Figure 3). We will fix a decomposition of this twice-
punctured torus as a union of two annuli Ar and Al connected by two rectangles Ru
and Rd, as in Figure 3 (see Lemma 2.1.1 below for detailed requirements). The core
curves of the annuli are denoted by ar and al respectively. Since ε∩∂+P = ∅ the curve
ε is contained in the interior of Σ̂.
Arcs in the rectangles Ru and Rd that are properly embedded and non-∂-parallel in
Σ̂ will be called cocore arcs in the rectangles (see the arcs marked γ in Figure 3). An
arc in Ru or Rd connecting Al to Ar will be called a core arc of the rectangles.
An arc properly embedded in Al or Ar connecting ∂+P u to ∂+P d will be called a
cocore of the annulus. Since there are many such arcs, we would like to fix the cocore
arcs as part of our description of Σ̂ as follows:
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∂+P
u
∂+P
d
γ
γ
Ru
Rd
Al Ar
Figure 3. The decomposition of Σ̂ into two annuli and two rectangles
Lemma 2.1.1. The rectangle-annulus decomposition of Σ̂ in Figure 3 can be chosen
so that each segment of (α ∪ γ) ∩ Σ̂ is a cocore arc of a rectangle or an annulus.
Furthermore, in each of the rectangles there is at least one γ segment which is a cocore
arc for the rectangle.
Proof. Consider the disk C ⊂ U (γ = ∂C). Since P is incompressible, after isotopy
we may assume that P ∩ C contains no closed curve. Since P is not an annulus, by
Lemma 1.2.4, P ∩ C 6= ∅. Let ρ be an arc in P ∩ C that is outermost in C. The arc
ρ cuts off a subdisk ∆ρ of C with ∆ρ ∩ P = ρ. So ∆ρ is a ∂-compressing disk for P .
Let κ1 = ∂∆ρ r int(ρ). So κ1 ⊂ γ = ∂C and we may view κ1 as a properly embedded
arc in Σ̂ with both endpoints of κ1 on the same boundary curve, say ∂+P
d. As γ is
a closed curve we are guaranteed to have another arc κ2 of γ ∩ Σ̂ in Σ̂ on the other
side of P with both endpoints in ∂+P
u (one can also see the existence of κ2 using the
hyperelliptic involution).
For each i = 1, 2, consider a regular neighborhood N (κi) of κi in Σ̂. We isotope all
the arcs of (α∪γ)∩ Σ̂ that are parallel to κi into N (κi) (i = 1, 2), and set Rd = N (κ1)
and Ru = N (κ2). We may set all the arcs of (α ∪ γ) ∩ Σ̂ in Rd and Ru as cocore arcs
of the rectangles.
As N (κ1) and N (κ2) are disjoint in the twice-punctured torus Σ̂, the complement of
Rd ∪Ru is a pair of annuli, which we denote by Al and Ar. Moreover, each boundary
curve ofAl andAr contains exactly one subarc of ∂Rd and ∂Ru, as depicted in Figure 3.
This implies that the remaining arcs of (α∪γ)∩Σ̂ are arcs in Al and Ar with endpoints
in different components of ∂Al and ∂Ar. Thus we may set all the arcs of (α ∪ γ) ∩ Σ̂
in Al and Ar as cocore arcs of the annuli. This gives a required decomposition. 
Remark 2.1.2. As in the proof of Lemma 2.1.1, if we boundary compress P along ∆ρ,
we obtain two planar surfaces Pl and Pr. By the construction in the proof, ∂+Pl and
∂+Pr are isotopic to the two core curves al and ar of the annuli Al and Ar respectively.
In particular ∂+Pl and ∂+Pr are nonseparating curves in Σ. If Pl is a disk, then since
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C is the only nonseparating essential disk in the compression body U (up to isotopy),
Pl must be parallel to C, which contradicts the assumption that ∆ρ is a ∂-compressing
disk for P . Thus neither Pl nor Pr is a disk.
Since the hyperelliptic involution pi leaves each simple closed curve in Σ invariant up
to isotopy, we may suppose δ and ∂+P are invariant under pi. Thus X = δ ∩ ∂+P is
a fixed point of pi. Moreover we may suppose the two annuli Al and Ar are invariant
under pi and hence pi interchanges the two rectangles Rd and Ru.
Lemma 2.1.3. Each of δ ∩ Ru and δ ∩ Rd contains at least 2 arcs that are core arcs
of the corresponding rectangle.
Proof. Without loss of generality, suppose that at most one component of δ ∩ Rd is a
core arc of Rd. Note that a component of δ ∩ Rd is either a core arc of Rd or an arc
connecting a boundary edge of Rd to the intersection point X = δ ∩ ∂+P . This means
that, after an isotopy in Rd, a cocore arc of Rd intersects δ at most once. In the proof
of Lemma 2.1.1, the cocore arc κ1 of Rd is a boundary arc of a ∂-compressing disk
∆ρ for P . So, after isotopy, we may assume that κ1 intersects δ at most once. Since
P ∩ δ = X is a single point, the assumption on κ1∩ δ implies that the surface obtained
by the ∂-compression along ∆ρ intersects δ in at most three points: the point X and
2 copies of κ1 ∩ δ.
As in Remark 2.1.2, the The two planar surfaces obtained by ∂-compressing P along
∆ρ are Pl and Pr. The argument above implies that either Pl ∩ δ or Pr ∩ δ is a single
point, say, Pl ∩ δ. Thus (Pl, D) form a new (P ,D)-pair.
By Remark 2.1.2, ∂+Pl is isotopic to the core curve al of the annulus Al. We
may isotope ∂+Pl to the upper boundary component of Al. After this isotopy, any
intersection point of α∪γ with ∂+Pl is an intersection point with ∂+P . Therefore, any
segment of (α∪ γ)r ∂+Pl is composed of a nonzero number of segments of α∪ γ in Σ̂.
It follows that c(Pl, D, α, γ) < c(P,D, α, γ), contradicting Assumption 1.2.3. 
Lemma 2.1.4. Let P , D and V̂ = {γ, α} be as above. Then there is no s-wave with
respect to α that is disjoint from δ.
Proof. The reason why this lemma holds is that we have chosen α so that the complexity
c(P,D, α, γ) is minimal. Suppose there is such an s-wave η with ∂η ⊂ α and η∩ δ = ∅.
Let α1 and α2 be the two components of αrN (∂η). We define c0(αi) (i = 1, 2) to be
the number of segments of αir∂+P that intersect δ. This implies that c0(P,D, α)+2 ≥
c0(α1) + c0(α2) (see Definition 1.2.1) because a segment of αr ∂+P may be split into
two segments by ∂η,
Recall that the first step of the wave move is to connect the two endpoints of α1 and
the two endpoints of α2 using a pair of arcs parallel to η. Denote the two resulting
closed curves by α′1 and α
′
2 respectively. Since η ∩ δ = ∅ we have c0(αi) ≥ c0(P,D, α′i)
for both i. Therefore, c0(P,D, α) + 2 ≥ c0(P,D, α′1) + c0(P,D, α′2).
In genus two, one of the two closed curves α′1 and α
′
2 after the surgery-step of the
wave move is isotopic to γ. Without loss of generality, suppose α′2 is isotopic to γ and
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α′1 is the curve resulting from the wave move. By Lemma 2.1.3 and the construction
of Ru and Rd, c0(P,D, α′2) = c0(P,D, γ) ≥ 2. This plus the inequality above implies
that c0(P,D, α) ≥ c0(P,D, α′1). Recall that in genus two, a curve obtained by wave
move can also be obtained by a band sum. So α′1 can be obtained by a band sum of α
and γ. Since α = ∂+A and γ = ∂C, α
′
1 is a boundary curve of an annulus obtained by
a band sum of A and C. Moreover, |α ∩ δ| = |α′1 ∩ δ|+ |α′2 ∩ δ|, and by Lemma 2.1.3,
γ ∩ δ = α′2 ∩ δ 6= ∅. Thus |α′1 ∩ δ| < |α ∩ δ| and c(P,D, α′1, γ) < c(P,D, α, γ),
contradicting Assumption 1.2.3. 
Lemma 2.1.5. Any s-wave with respect to V̂ = {γ, α} must intersect ∂+P .
Proof. Recall that, since P is incompressible and U rN (C) ∼= T 2× I, each component
of PrN (C) is either a disk or a vertical annulus in UrN (C). Let ρ′ be an intersection
arc of P ∩C that is outermost in P . So ρ′ cuts off a subsurface Q′ of P with Q′∩C = ρ′.
Since P ∩ C is assumed to be minimal up to isotopy, Q′ cannot be a disk. Hence Q′
is a vertical annulus in U r N (C). Now consider the annulus A with ∂+A = α. As
C ∩ A = ∅ and since ∂−P has integer slope, after isotopy, Q′ ∩ A is a single vertical
arc, and thus ∂+Q
′∩α is a single point. Note that ∂+Q′ is the union of ρ′ and a subarc
κ′ of ∂+P . So κ′ is an arc properly embedded in ΣrN (γ) intersecting α exactly once
and having both endpoints in the same boundary component of ΣrN (γ).
Now we cut Σ open along γ and α and obtain a four-holed sphere. Denote the
boundary curves of the four-holed sphere by γ+, γ−, α+ and α−. The restriction
of ∂+P to this four-holed sphere is a collection of arcs. The arc κ
′ is cut into two
subarcs in the four-holed sphere connecting α+ and α− to the same curve, say γ+.
By the symmetry from the hyperelliptic involution, ∂+P also contains subarcs in the
four-holed sphere connecting both α+ and α− to γ−. Similar to the proof of cases
(2) and (3) of Lemma 1.3.7, these subarcs of ∂+P “block” any s-wave with respect to
V̂ = {γ, α}. In other words, any s-wave with respect to V̂ = {γ, α} must intersect
∂+P . 
Remark 2.1.6. As in the proof of Lemma 2.1.5, each arc of P ∩C, which is outermost
in P , cuts off an outermost annular subsurface of P . Note that P contains at least two
such outermost annular subsurfaces. If P ∩ C has more than two arcs outermost in
P , then as in the proof above, there are are least two arcs like κ′ in the proof. These
give rise to at least two arcs connecting α+ to γ+ and two arcs connecting α− to γ+.
By the symmetry from the hyperelliptic involution, there are two arcs connecting each
α± to γ−. This implies that each s-wave with respect to V̂ = {γ, α} must intersect
∂+P more than once. Therefore, if there is an s-wave with respect to V̂ = {γ, α}
that intersects ∂+P in exactly one point, then P r C has exactly two such outermost
annular components. For an example see the left picture of Figuer 4 below (ignore the
shaded region for now).
Let V̂ = {γ, α} and Ŵ = {δ, ε} be as in Section 1.3.
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Corollary 2.1.7. The curves δ and ε do not contain subarcs which are waves with
respect to α or γ.
Proof. As above we denote the boundary curves of the four-holed sphere ΣrN (α∪ γ)
by γ+, γ−, α+ and α−. If a subarc η of δ ∪ ε is a wave with ∂η in γ± (or α±), then
by the symmetry from the hyperelliptic involution, another subarc η′ of δ ∪ ε is a wave
with ∂η′ in γ∓ (or α∓). By Lemma 2.1.5, both η and η′ must intersect ∂+P , which
means that δ∪ ε has at least two intersection points with ∂+P . This is a contradiction
because ε ∩ P = ∅ and |δ ∩ P | = 1. 
Let {δ, ε′} be a complete set of meridians for W , where ε′ may not be the same as
ε. Fix an orientation for each of α, γ, δ and ε′. These orientations induce a ±-sign for
each point of intersection.
Proposition 2.1.8. Let α, γ, δ, ε′ be as above. Consider the Heegaard diagram given
by {δ, ε′} and {α, γ}. Suppose the Heegaard diagram is not a standard Heegaard diagram
of S3 or (S2 × S1)#L(r, s). Then
(1) Suppose there is no wave with respect to {δ, ε′}, then all the intersection points,
of δ with each curve of {α, γ}, have the same sign. Moreover, if no subarc of
ε′ is a wave with respect to {α, γ}, then the intersection points of ε′ with each
curve of {α, γ} all have the same sign.
(2) If ε′ = ε, then δ and ε admit orientations so that the intersection points of δ∪ε
with each component of (α ∪ γ)r ∂+P all have the same sign.
Proof. Suppose part (1) of the Proposition is false and δ intersects a curve v1 ∈ {α, γ}
with different signs. In particular, δ has a subarc connecting one side of v1, say the
plus side, to the same side. Denote an innermost such subarc by τ so τ ∩ v1 = ∂τ . If τ
does not have other intersection points with the other curve v2 ∈ {α, γ} in its interior,
then τ is a wave with respect to v1 ∈ {α, γ}, contradicting Corollary 2.1.7. Hence τ
must intersect the other curve v2 ∈ {α, γ} in its interior. These intersection points of
τ with v2 must have the same sign (otherwise τ contains a subarc that is a wave with
respect to v2 ∈ {α, γ} contradicting Corollary 2.1.7).
As τ connects the plus side of v1 to its plus side, the two subarcs of τ at the two
ends correspond to two edges in the Whitehead graph Γ({α, γ}) connecting v+1 to both
v+2 and v
−
2 . Hence, by Lemma 1.3.7, there can be no wave with respect to V̂ = {α, γ}.
Since, by the hypothesis, there is no wave with respect to {δ, ε′}, there is no wave in the
Heegaard diagram given by {δ, ε′} and {α, γ}, contradicting Theorems 1.3.5 and 1.3.6.
Thus all the intersection points, of δ with each curve of {α, γ}, have the same sign.
If no subarc of ε′ is a wave with respect to {α, γ}, then the same proof also works for
ε′ and hence the intersection points of ε′ with each curve of {α, γ} all have the same
sign. This proves part (1) of the proposition.
To prove part (2), we first show that the intersection points of each curve of {δ, ε}
with any component of (α∪γ)r∂+P all have the same sign: Suppose, to the contrary,
that a curve w1 ∈ {δ, ε} has opposite signs at intersection points with a segment h of
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(α ∪ γ) r ∂+P . Then a subarc of h connects one side of w1, say the plus side, to the
same side. Let τ ′ be an innermost such subarc. So τ ′ ∩ w1 = ∂τ ′. First suppose that
τ ′ does not intersect the other curve w2 ∈ {δ, ε} in its interior, then τ ′ is a wave with
respect to w1 ∈ {δ, ε} and is disjoint from ∂+P .
If w1 = δ, since τ
′ ∩ ∂+P = ∅, a wave move on δ along τ ′ yields a new meridional
curve δ′ of W that intersects ∂+P in a single point. Let D′ be the disk in W bounded
by δ′. So (P,D′) is a (P ,D)-pair. However, it is clear from the wave move that the
complexity c(P,D′, α, γ) < c(P,D, α, γ). This contradicts Assumption 1.2.3. If w1 = ε
then a wave move on ε along τ ′ yields a meridional curve of W that is disjoint from
δ ∪ ∂+P and not parallel to ε, which is impossible in the genus two surface Σ.
Thus τ ′ cannot be a wave and hence τ ′ must contain intersection points with the
other curve w2 ∈ {δ, ε} in its interior. By the same argument above on the arc τ ,
τ ′ contains two subarcs corresponding to two edges in the Whitehead graph Γ({δ, ε})
connecting w+1 to both w
+
2 and w
−
2 . By Lemma 1.3.7, there can be no wave with respect
to {δ, ε}. By Corollary 2.1.7, no subarc of ε is a wave with respect to {α, γ}. Hence
it follows from part (1) of the proposition that the intersection points of w1 with the
component h of (α ∪ γ)r ∂+P all have the same sign, a contradiction.
Thus the intersection points of each curve of {δ, ε} with any component of (α∪ γ)r
∂+P all have the same sign. This means that part (2) of the Proposition holds if no
component of (α ∪ γ)r ∂+P intersects both δ and ε.
Suppose that h is a component of (α ∪ γ) r ∂+P which intersects both δ and ε.
We may choose orientations for δ and ε so that the intersection points of δ ∪ ε with h
all have the same sign. So part (2) of the Proposition is true unless there is another
component h′ of (α ∪ γ) r ∂+P such that points in h′ ∩ δ and h′ ∩ ε have opposite
signs. Suppose there is such an arc h′. This means that a subarc of h′ is a [δ+, ε+]
or [δ−, ε−] edge and a subarc of h is a [δ+, ε−] or [δ−, ε+] edge. Thus h ∪ h′ contains
subarcs that either connect both δ+ and δ− to the same ε± or connect both ε+ and
ε− to the same δ±. It now follows from (2) and (3) of Lemma 1.3.7 that the Heegaard
diagram contains no wave with respect to {δ, ε}.
By Corollary 2.1.7 no subarc of ε is a wave. So part (1) of the proposition implies
that h and h′ must belong to different curves of {α, γ}. Without loss of generality, we
may suppose h ⊂ α, h′ ⊂ γ. So by part (1) of the Proposition, we may suppose (1)
points in α∩ (δ ∪ ε) all have positive signs, (2) points in γ ∩ δ have positive signs, and
(3) points in γ ∩ ε have negative signs. This means that a subarc of δ is an [α+, γ−] or
[α−, γ+] edge and a subarc of ε is an [α+, γ+] or [α−, γ−] edge. Again by (2) and (3) of
Lemma 1.3.7, the Heegaard diagram contains no wave with respect to {α, γ}. Hence
the Heegaard diagram has no wave, contradicting Theorems 1.3.5 and 1.3.6. 
Lemma 2.1.9. Let V̂ = {γ, α} be as above. If there is an s-wave with respect to γ
that intersects ∂+P in exactly one point, then each rectangle Ru and Rd contains only
one γ-arc and no α-arc.
Proof. Let N be the manifold obtained by cutting U open along C. So N ∼= T 2 × I
and N is a trivial compression body with ∂−N = ∂−U . We denote the two sides of C
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by C+ and C− and view C± ⊂ ∂+N . We may view U as the manifold obtained from
N by gluing C− to C+ via a homeomorphism ϕ : C− → C+.
The arcs P ∩ C divide P into a collection of subsurfaces properly embedded in N
and we denote these subsurfaces by P |N . As P is incompressible, P |N is a collection
of vertical annuli and ∂-parallel disks in N ∼= T 2 × I. By Remark 2.1.6, if there is an
s-wave for γ that intersects ∂+P in one point, then exactly two components of P r C
are outermost in P . Hence the arcs in P ∩ C divide P into a collection of annuli and
quadrilaterals, as depicted in the left picture of Figure 4.
Let T+0 and T
−
0 be the two annuli of P |N which are cut off by arcs of P ∩C that are
outermost in P , as depicted in the left picture of Figure 4. The hyperelliptic involution
interchanges the two arcs ∂T+0 ∩Σ and ∂T−0 ∩Σ, up to isotopy. So ∂T+0 has a boundary
arc in C+, denoted by t+0 , and ∂T
−
0 has a boundary arc in C
−, denoted by t−0 . Let s
±
0
be the subarc of ∂T±0 lying in Σ, see Figure 5(a). So s
±
0 ∪ t±0 is a boundary component
of T±0 .
P
T−0 T+0
C− C+
c− c+
t−0 t
+
0
∂T ∂T
Figure 4. Intersection patterns of P ∩ C
Let η be an s-wave with respect to γ that intersects ∂+P in one point. We may
view η as an arc in ∂+N with ∂η ⊂ ∂C+ = γ+. As in the proof of Lemmas 2.1.5
and 1.3.7, the arc s−0 intersects α in a single point, and s
−
0 is the union of two subarcs
which can be viewed as [α+, γ−] and [α−, γ−] edges in the Whitehead graph Γ(V̂ ), see
Figure 5(a). As in the proof of Lemmas 2.1.5, η intersects s−0 in a single point, see
Figure 5(a). By the symmetry given by the hyperelliptic involution, there is a dual
wave η′ with ∂η′ ⊂ ∂C− = γ− and η ∩ η′ = ∅. Symmetrically, η′ intersects the arc s+0
in one point and disjoint from all other arcs of ∂+P in ∂N , see Figure 5(a).
Note that Σ∩ ∂+N = ∂+N r int(C+ ∪C−) is a two-holed torus and when removing
the two curves η and η′ from it one obtains a pair of annuli, see Figure 5(b). Denote
the component of (Σ ∩ ∂+N) r (η ∪ η′) that contains α by Aα and denote the other
component of (Σ∩ ∂+N)r (η ∪ η′) by Aβ. A nontrivial arc that is properly embedded
in the two-holed torus ∂+N r int(C+ ∪C−) and disjoint from η ∪ η′ ∪ s−0 ∪ s+0 must lie
in one of the two annuli Aα and Aβ, and must connect C+ to C− (see the blue and
green arcs in Figure 5(b)). Since η ∩ ∂+P = η ∩ s−0 is a single point, the symmetry
induced by the hyperelliptic involution implies that η′ ∩ ∂+P = η ∩ s+0 is a single point
as well. Hence, except for the two arcs s±0 , the closure of every component of ∂+P r γ
is an arc in Aα or Aβ connecting C+ to C−.
Let c+ and c− be two arcs properly embedded in C+ and C− connecting the two
endpoints of η and η′ respectively. So η∪ c+ and η′∪ c− are two simple closed curves in
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η
η′
α
C−
C+
s−0
s+0 η
η′
α
Aβ Aα
(a) (b) (c)
η
α
β
∂+P
Figure 5. Σr γ
the torus ∂+N , each intersecting the boundary curve s
±
0 ∪ t±0 of the outermost annulus
T±0 of P in a single point. For any annular component T of P |N , let ∂+T be the
boundary component of T in the torus ∂+N . So the annulus T is isotopic in N to each
of the annuli T±0 and ∂+T has the same slope as ∂+T
±
0 = s
±
0 ∪ t±0 in the torus ∂+N . In
particular, ∂+T intersects each of the core curves of Aα and Aβ exactly once. If T is
not one of T±0 (see the left figure of Figure 4 for a picture of such an annulus in P ), as
∂+T does not intersect the s-waves η and η
′, then ∂+T consists of four arcs: an arc in
each C± and an arc in each of the two annuli Aα and Aβ in Figure 5(b). Moreover,
the boundary arc ∂T ∩ C± intersects c± in one point. See Figure 4 for a depiction of
∂T ∩ C± for an annular component T of P |N .
Let H be any component of P |N . So H is either an annulus or a quadrilateral. We
denote ∂H ∩Σ by ∂sH and denote ∂H ∩ (C+∪C−) by ∂cH. We may view components
of ∂sH and ∂cH as boundary edges of H. If H is an annulus (i.e. H = T ) and H 6= T±0 ,
then as described above, ∂sH has two components, one of the components of ∂sH is
contained in Aα and the other lies in Aβ. In particular, each component of ∂sH is an
arc connecting C+ to C−. If H is a quadrilateral, since H is ∂-parallel in N , both arcs
in ∂sH lie in the same annulus Aα or Aβ.
Consider now the rectangles Ru and Rd in the decomposition of Σ. The γ-arcs in
Rd divide Rd into a collection of sub-rectangles. Recall that Rd is constructed by
first taking a neighborhood in Σ of a boundary arc of a ∂-compressing disk for P
and expanding it as much as possible. So we can inductively conclude that each sub-
rectangle of Rd (if there is any) lies in ∂N and is parallel to a quadrilateral component
of P |N that is outermost in N . These outermost quadrilaterals of P |N are connected
via the gluing map ϕ : C− → C+, forming a band b in U connecting two annular
components of P |N . The shaded regions of the left picture of Figure 4 describe the
band b as a subsurface of P . In particular, b ∩ C is a collection of arcs that are
outermost in C.
From the description of the quadrilaterals of P |N in N , the lemma is equivalent
to saying that b contains no quadrilateral component of P |N at all, which is also
equivalent to saying that P |N contains no quadrilateral disk (because if P |N contains
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a quadrilateral then there must be an outermost ∂-parallel quadrilateral and we can
use it as the first step of building b).
Claim. If the band b contains all the quadrilateral components of P |N , then the lemma
holds.
Proof. Assume that b contains all the quadrilateral components of P |N . Assume, in
contradiction, that the lemma is false and that there is at least one quadrilateral disk in
b. We may assume that the curves γ, α and ∂+P are invariant under the hyperelliptic
involution pi. So pi permutes the arcs in ∂+P r γ. As s+0 = ∂sT+0 and s−0 = ∂sT−0 are
the only arcs in ∂+P r γ that connect the same sides of γ, we have pi(s+0 ) = s−0 .
Let H+ and H− be the closure of the components of P r C that are adjacent in P
to T+0 and T
−
0 respectively (H
± can be either an annulus or a quadrilateral). So the
two arcs in ∂sH
± are attached to the two endpoints of s±0 along ∂+P . As pi(s
+
0 ) = s
−
0
and since ∂+P and γ are invariant under pi, we have pi(∂sH
+) = ∂sH
−. Let H1, . . . , Hk
be the components of P |N that are not T±0 . By inductively applying the argument
on H± above, we see that the hyperelliptic involution pi permutes the pairs of arcs
∂sH1, . . . , ∂sHk.
Let Hi be a quadrilateral disk in the band b. So the pair of arcs ∂sHi is contained
in Aα or Aβ, say Aα. Suppose pi(∂sHi) = ∂sHj. Since pi(η) = η′ and since γ and α are
invariant under pi, Aα and Aβ are also invariant under pi. Hence both ∂sHj and ∂sHi
are contained in Aα. This immediately implies Hj cannot be an annulus because we
have concluded earlier that for any annulus component T of P |N , one component of
∂sT lies in Aα and the other component lies in Aβ. Thus, Hj is a quadrilateral disk.
Moreover, since the band b contains all the quadrilaterals, Hi and Hj both belong to
the band b.
We first suppose i 6= j, i.e., Hi and Hj are not the same quadrilateral. Recall that
each quadrilateral disk in b is ∂-parallel and outermost in N . So the two intersection
points α∩∂sHi bound a subarc ai of α such that ai is a boundary edge of a ∂-compressing
disk for P and in particular ai ∩ ∂+P = ∂ai. Similarly, the two points α∩ ∂sHj bound
a subarc aj of α with aj ∩ ∂+P = ∂aj. As pi(∂sHi) = ∂sHj and pi(α) = α, this implies
that pi(ai) = aj. By assigning an orientation for ∂+P , we may assume that the arc
ai connects the positive side of ∂+P to positive side. As Hi and Hj belong to the
same band b, aj also connects the positive side of ∂+P to positive side. In fact, by the
construction of the rectangle Rd, both ai and aj are cocore arcs of Rd. However, since
∂+P is nonseparating, the hyperelliptic involution pi reverses the orientation of ∂+P .
As pi(ai) = aj, ai and aj must be on different sides of ∂+P . This is a contradiction.
If i = j, then the argument above implies that pi(ai) = α r int(ai). However, since
ai ∩ ∂+P = ∂ai, this means that α ∩ ∂+P = ∂ai. This is impossible because the arcs
s±0 ⊂ ∂+P intersect α and clearly s±0 ∩ α 6∈ ∂ai. 
Let n be the number of annuli in P |N . The proof will be by induction on n. Since the
band b connects two annular components of P |N , if T+0 and T−0 are the only annular
components of P |N , then all the quadrilaterals of P |N belong to b and the lemma
follows from the claim above. So the lemma holds if n = 2.
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Assume the lemma holds for any planar surface P ∗ with the number of annular
components of P ∗|N smaller than n. Note that in the setup above, if we perform a
∂-compression on P along the band b, we obtain two planar surfaces both satisfying the
hypothesis of the lemma. By the induction hypothesis, neither planar surface contains
any quadrilateral disk in N . This means that all the quadrilateral disks of P |N are in
the band b and the lemma follows from the claim above. 
Remark 2.1.10. If we cut Σ r N (γ) open along η and η′, we get two topological
annuli Aα and Aβ, as in Figure 5, and α is a core curve of Aα. Let β be the core curve
of the other annulus Aβ, see Figure 5(c). So β is the curve obtained by performing a
wave move on γ along η. Hence β is a boundary curve of another vertical annulus in
U which is a band sum of the annulus A and the disk C. The curve β also intersects
Al, Ar, Ru and Rd in cocore arcs. Moreover, the proof of Lemma 2.1.9 implies that,
similar to α, the rectangles Ru and Rd do not contain any β-arc either.
2.2. The δ, ε and ∂+P curves
Endow Σ̂ with the structure from Lemma 2.1.1. We therefore have a decomposition
of Σ̂ as two annuli and two rectangles Ar ∪Ru∪Al∪Rd. We may assume that the hy-
perelliptic involution pi maps ∂+P to itself, hence pi is an involution on Σ̂ interchanging
the two boundary curves ∂+P
u and ∂+P
d.
Remark 2.2.1.
(A) The surface, as in Figure 3, has the following three symmetries:
(1) The hyperelliptic involution: a 180◦-rotation about the horizontal axis within
the projection plane in Figure 3, puncturing each annulus in two points. It
interchanges the rectangles, and keeps each annulus in place.
(2) A reflection along a vertical plane cutting through the “middle” of the figure.
The vertical plane is disjoint from the two annuli and intersects each rectangle
in a cocore arc. The reflection interchanges the two annuli Ar and Al.
(3) A reflection along a cylinder which meets each of Ru and Rd in a core arc and
each of Ar and Al in two cocore arcs. The restriction of this reflection on each
rectangle is a reflection along its core arc, and the restriction on each annulus is
a reflection of the annulus along a vertical plane that cut the annulus vertically
into two halves. This symmetry flips the orientations of the core curves of the
two annuli.
(B) The second and the third reflections commute with the hyperelliptic involution.
Denote the single point ∂+P ∩∂D by X. As before, we assume that the hyperelliptic
involution leaves δ = ∂D invariant, which means that the involution fixes X. We
denote the image of the point X in ∂+P
d and ∂+P
u by Xd and Xu respectively. So the
restriction of δ to Σ̂ is an arc connecting Xd to Xu, and the hyperelliptic involution
on Σ̂ interchanges Xu and Xd. After applying the reflection (2) in Remark 2.2.1, we
may assume that Xu and Xd lie in either ∂Al or ∂Ru ∪ ∂Rd.
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First consider the possibility that Xd ∈ ∂Rd. Hence, by the involution, Xu ∈ ∂Ru.
In this case, let kd be the component of δ ∩Rd that contains Xd. If kd ∩ (α ∪ γ) = ∅,
then by the construction of the rectangles, we may shrink the rectangle Rd so that
both kd and Xd are no longer in Rd. So we may assume that if Xd ∈ ∂Rd, then
kd ∩ (α ∪ γ) 6= ∅. Note that we can perform this operation symmetrically on Ru to
preserve the symmetry from the hyperelliptic involution.
Lemma 2.2.2. No component of (δ ∪ ε) ∩ Al and (δ ∪ ε) ∩ Ar is an arc with both
endpoints in the same rectangle Rd or Ru.
Proof. Assume to the contrary that the statement of the lemma is false. Without loss
of generality, suppose (δ ∪ ε) ∩ Al has a component ρ with ∂ρ ⊂ Rd. Note that ρ is
a topologically ∂-parallel arc in the annulus Al. Let k1 and k2 be the components of
either δ ∩Rd or ε∩Rd that contain the two endpoints of ρ. By the assumption above
on Xd and Xu, both k1 and k2 intersect α ∪ γ. This implies that the two intersection
points of k1 ∪ ρ ∪ k2 with a component of (α ∪ γ) ∩ Rd have opposite signs. This
contradicts part (2) of Proposition 2.1.8. 
Each of the annuliAl andAr has a product structure S1×I and each of the rectangles
Ru and Rd has a product structure I × I. Choose the product structure so that each
component of (α ∪ γ) ∩ Σ̂ is of the form {x} × I in Al, Ar, Ru or Rd. We call an arc
of the form {x} × I a vertical arc in the annuli or rectangles.
Definition 2.2.3. An arc properly embedded in Ar or Al and connecting Rd to Ru is
called a regular arc. Two regular arcs are said to belong to the same path if they are
isotopic via an isotopy that preserves Rd and Ru, and a path is an isotopy class of a
regular arc which preserves Rd and Ru. We say that δ or ε takes a path if it contains a
subarc that belongs to that path. A path is called a long path in Ar or Al if a regular
arc in that path intersects a vertical arc of Ar or Al more than once. (In other words,
the curve wraps around the annulus more than once.) Otherwise it will be called a
short path. Note that δ can take at most two different paths in one annulus and that
there may be multiple arcs in the same path, see Figure 6 for a picture.
Both δ and ε are composed of a sequence of subarcs passing through the rectangles
and annuli of the decomposition. With the exception of the two special subarcs con-
taining Xd ∈ ∂d+P and Xu ∈ ∂u+P , every other arc is either a core arc of a rectangle or
a regular arc of an annulus by Lemma 2.2.2.
By part (2) of Proposition 2.1.8, the intersection points of each arc in (α ∪ γ) ∩ Σ̂
with δ have the same sign. Thus we may choose the product structures of Al, Ar, Ru
and Rd such that the intersection points of each vertical arc with δ have the same sign.
Let J ul and J dl be the unions of vertical arcs of Al with an endpoint in ∂Ru and
∂Rd respectively. Similarly let J ur and J dr be the unions of vertical arcs of Ar with
an endpoint in ∂Ru and ∂Rd respectively. We may choose the product structure so
that no vertical arc has an endpoint in ∂Ru and an endpoint in ∂Rd. Thus we assume
J ul , J dl , J ur and J dr are disjoint squares in Al and Ar as depicted in Figure 3, and call
these four squares junctions.
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δ δ
δ takes 2 short paths δ takes a long path
Figure 6. δ-paths
The four junctions give Σ̂ a decomposition into ten rectangles: Ru, Rd, J ul , J dl , J ur ,
J dr , Al r (J ul ∪ J dl ) and Ar r (J ur ∪ J dr ). If we collapse all the δ-arcs in each of these
rectangles with endpoints in the same pair of boundary edges into a single arc, then
we obtain a train track τD that fully carries δ. The switches (or cusp points) of the
train track divide the train track into a collection of arcs which are called the segments
of the train track. The weight of δ at a segment of τD is the number of δ-arcs which
collapse onto this segment. (In other words, the number of times that δ passes this
segment.) We use ρx to denote the segment of τD that contains the point X. Clearly
the weight of δ at the segment ρx is one by the construction. Moreover, the orientation
assumption on δ implies that each segment of τD has an induced orientation from δ
and the orientations of the segments are compatible at each cusp.
We finish this chapter with the following lemma which we use in Chapter 3:
Lemma 2.2.4. Let V̂ = {α, γ} and Ŵ = {δ, ε′} be complete sets of meridians of V
and W , where α, γ and δ are as above. Let η be a wave with respect to V̂ . Suppose
α∪γ contains both [δ−, δ+] and [ε′−, ε′+]-blocking edges that are disjoint from ∂η. Then
either the knot K is doubly primitive or η intersects ∂+P in more than one point.
Proof. Suppose that η∩∂+P contains at most one point. By Lemma 2.1.4, η cannot be
a wave with respect to α, hence η must be a wave with respect to γ. By Lemma 2.1.5,
η must intersect ∂+P . So η intersects ∂+P in exactly one point. Hence it follows from
Lemma 2.1.9 that α does not intersect the two rectangles Ru and Rd. Moreover, by
Remark 2.1.10, the curve β after the wave move along η is also disjoint from Ru and
Rd. By part (1) of Lemma 1.3.7, the hypothesis on the blocking edges implies that
there is no wave with respect to Ŵ . So by part (1) of Proposition 2.1.8, we may assign
orientations for each of δ, α and γ such that the intersection points of δ with α ∪ γ all
have the same sign. As β can be obtained by a wave move along η, (see Remark 2.1.10)
we may assign an induced orientation for β (see Figure 5(c)) so that the intersection
points of δ with α ∪ β all have the same sign too.
Consider the pair of pants Q bounded by α ∪ β ∪ γ which contains η, see the upper
half of Figure 5(c). As η∩ (δ∪ε′) = ∅, the δ-arcs and ε′-arcs in Q connecting γ to α (or
γ to β) are all parallel in Q. So if a subarc of γ is a [δ−, δ+] (or an [ε′−, ε′+]) blocking
edge disjoint from ∂η, then by pushing this subarc of γ along these parallel arcs in Q,
we have a [δ−, δ+] (or an [ε′−, ε′+]) blocking edges in α ∪ β. Thus the hypothesis, on
the blocking edges in α ∪ γ, implies that α ∪ β also contain subarcs that are [δ−, δ+]
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and [ε′−, ε′+] blocking edges. By Lemma 1.3.7, the Heegaard diagram given by {α, β}
and {δ, ε′} also has no wave with respect to {δ, ε′}.
Next we assign an orientation to ∂+P and consider the signs of the intersection points
in α∩∂+P . The orientation of ∂+P induces an orientation on ∂+P u and ∂+P d. Hence,
if κ is an oriented cocore arc of Al and Ar, when we view ∂κ as a pair of intersection
points of κ with ∂+P
u and ∂+P
d, then the two points of ∂κ have the same sign, see
Figure 7. Therefore, if two points in α ∩ ∂+P have opposite signs, then a subarc of α
must be a cocore arc of Ru or Rd. Since, by Lemma 2.1.9, α does not intersect Ru
and Rd, points in α ∩ ∂+P must all have the same sign. Similarly points in β ∩ ∂+P
all have the same sign.
As in the proof of Lemma 2.1.9, an outermost sub-annulus of P (cut off by P ∩ C)
contains a boundary arc attaching to the same side of γ. As shown in Figure 5(c), the
two intersection points of this subarc of ∂+P with α and β have opposite signs. So we
may assume all points in {α ∩ ∂+P} have positive signs and all points in {β ∩ ∂+P}
have negative signs, see Figure 7 for an example.
Let R be a component of Al r (J dl ∪ J ul ) or Ar r (J dr ∪ J ur ). Recall that, in our
product structure, the intersection points of each vertical arc of R with δ have the same
sign. Since the intersection points of δ with α∪ β all have the same sign and since the
points in {α ∩ ∂+P} and {β ∩ ∂+P} have opposite signs, the arcs of (α ∪ β) ∩ R that
meet δ must be either all α-arcs or all β-arcs, see Figure 7. Moreover, if Al (or Ar)
contains both α- and β-arcs, then the configurations of δ at the two junctions must be
as shown in Figure 7. In all of these cases the (unoriented) δ-curves that go into Al
from Rd and Ru diverge into two directions. This gives two cusps of τD pointing into
Rd and Ru respectively. If the configuration of δ∩Al is not as in Figure 7, then either
δ takes a long path in Al (see the right side of Figure 6) or the possible configurations
of δ ∩Al are as in Figures 15(c,d), which imply that the arcs of (α∪ β)∩Al that meet
δ are either all α or all β arcs.
(a) (b) (c)
α β
α
α
β
α α β
α
Figure 7. Orientations of α- and β-arcs
Since α and β do not intersect Ru and Rd, if α ∩ (Al ∪Ar) or β ∩ (Al ∪Ar) has at
most one segment intersecting δ, then by Proposition 1.2.2, K is doubly primitive. So
we may assume that each of α∩ (Al ∪Ar) and β ∩ (Al ∪Ar) contains at least two arcs
intersecting δ.
Claim. A subarc of δ is an [α−, α+] blocking edge.
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Proof of the Claim. Since α∩ (Al∪Ar) contains at least two arcs intersecting δ, either
an annulus Al or Ar contains more than one α-arc intersecting δ, or both Al and Ar
contain a single α-arc that meets δ.
First suppose Al contains more than one α-arc that meets δ. If the configuration of
δ∩Al is of Figure 7, then these α-arcs lie in the same component of Alr (J ul ∪J d). If
the configuration is as in Figure 7(a), then a subarc of δ∩Al connects two α-arcs. If the
configuration is as in Figure 7(b, c), then the segment ρx of the train track corresponds
to a subarc of δ that intersects ∂+P and connects two such α-arcs. In both cases, a
subarc of δ is an [α−, α+] blocking edge.
If the configuration of δ ∩ Al is not as in Figure 7 then either δ takes a long path
in Al and intersects all the vertical arcs in Al in the same orientation relative to the
core, or the configuration of δ∩Al is as in Figure 15(c,d), where δ takes one short path
in Al and intersects other vertical arcs in Al again in the same orientation. In both
of these cases, the fact that δ intersects at least two α-arcs implies that there exists a
subarc of δ that is an [α−, α+] blocking edge.
If each annulus Al and Ar contains a single α-arc that meets δ, in all possible
configurations of δ ∩ Al and δ ∩ Ar, an α-arc in Al and an α-arc in Ar are connected
by a subarc of δ which passes through Ru or Rd and is parallel to a subarc of ∂+P , see
the two blue arcs in Figure 31 for a picture of such a pair of α-arcs (also see Figure 9).
This subarc of δ is an [α−, α+] blocking edge. 
A similar argument, as above, proves that a subarc of δ is a [β−, β+] blocking edge.
Thus by part (1) of Lemma 1.3.7, there are no waves with respect to {α, β}. Hence
there are no waves in the Heegaard diagrams formed with respect to both {α, β} and
{δ, ε′}, contradicting Theorems 1.3.5 and 1.3.6. 
CHAPTER 3
Proof of the main theorem
In this chapter we give the proof of Theorem 7. As mentioned before, the restriction
of the curve δ to Σ̂ is an arc connecting Xu to Xd. This arc has the following possible
configurations in Σ̂:
(1) δ takes one short path in Al and one short path in Ar.
(2) δ takes one short path in Al or Ar and two short paths in the other annulus.
(3) δ takes two short paths in Al and two short paths in Ar.
(4) δ takes a long path in one (or both) of the annuli.
A key difference between these four configurations is the train track τD constructed
earlier. In the first configuration, the two short paths and a core arc from each rectangle
Ru and Rd form a circle, and the train track τD is the union this circle and the special
segment ρx which contains the point X. Thus τD in this configuration must be as shown
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in Figure 8(a) and Σ r τD is a once-punctured torus with two cusps at its boundary.
In the second configuration, see Figure 9 (ignore the α′ and γ′ arcs for now), the train
track τD can be obtained by adding a segment to the train track in Figure 8(a). Hence
Σ r τD in configuration (2) is an annulus with two cusps at each boundary curve.
Similarly, in configuration (3), Σr τD is a disk with six cusps at its boundary.
(a) (b) (c)
x-arc
y-arc
y-arc
α γ
ε′
δ
Figure 8. train tracks and waves
We discuss each of these configurations in separate sections. The sections below deal
with the configurations above in order (2), (3), (4) and (1).
3.1. The curve δ takes three short paths
In this section we consider the second configuration, where δ takes two short paths
in one of the annuli, and a single short path in the other annulus. An example of this
situation is given in Figure 9 (ignore the α′ and γ′-arcs for now).
δ
Xd γ
′
γ′
γ′
α′
α′
α′
Figure 9. A configuration for δ that takes one short path in Al and
two short paths in Ar
Proposition 3.1.1. If δ takes two short paths in one annulus and a single short path
in another annulus, then K is doubly primitive.
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Proof. Suppose to the contrary that K is not doubly primitive. After applying symme-
try (2) in Remark 2.2.1 if necessary, we may assume δ takes two short paths in Ar and
one short path in Al. Moreover, since symmetry (3) in Remark 2.2.1 interchanges the
two short paths in Al, we may assume δ takes a fixed short path in Al, see Figure 9.
We will discuss the possible locations for Xu and Xd in ∂+P
u and ∂+P
d, respectively.
Recall that we have assumed that X is a fixed point of the hyperelliptic involution, so
Xu and Xd are symmetric under the hyperelliptic involution.
As explained at the beginning of this chapter, Σ r N (τD) is an annulus, which we
denote by AD. There are two cusps at each boundary curve of AD corresponding to
the cusps of the train track τD.
By the construction of the train track, τD has a special segment ρx containing the
intersection point X and the weight of δ at ρx is one. The two ends of ρx are two
cusps of τD, which are called the ρ-cusps. The other two cusps of τD are at the two
junctions of Ar where the two short paths meet, see Figure 9. We call these two cusps
the j-cusps. As δ is invariant under the hyperelliptic involution pi and X is a fixed
point, we may assume ρx is invariant under pi and pi interchanges the two ρ-cusps and
the two j-cusps.
A neighborhood N (τD) of τD contains a pair of splitting arcs, denoted by sρ and sj,
connecting the cusps of N (τD) in pairs such that sρ and sj are disjoint from δ, and if
one splits N (τD) along sρ and sj, the resulting surface N (τD)r (sρ ∪ sj) is a product
neighborhood of δ. Moreover, since δ and ρx are invariant under pi, sρ connects the
two ρ-cusps and sj connects the two j-cusps of N (τD). Notice that the two cusps at
the two ends of sj lie in the two junctions of Ar pointing into Ru and Rd. This implies
that sj passes through both rectangles Ru and Rd. In other words, sj contains subarcs
that are core arcs of Ru and Rd.
Next we show that sρ also contains subarcs that are core arcs of Ru and Rd. To see
this, we consider the intersection of sρ with Al and Ar. A component of sρ ∩ Al and
sρ ∩ Ar is either an arc properly embedded in the annulus connecting ∂Ru to ∂Rd,
or an arc connecting ∂Ru ∪ ∂Rd to an endpoint of sρ (i.e. a cusp point of a ρ-cusp).
Suppose no subarc of sρ is a core arc of Ru, then no subarc of sρ is a core arc of Rd
either (by the invariance under the hyperbolic involution). Hence, either (1) the whole
arc sρ lies in Al or Ar, see Figure 10(a), or (2) sρ consists of one arc in Al or Ar and
two arcs in Rd and Ru which contains the two endpoints of sρ, see Figure 10(b). By
Lemma 2.1.3, there must be another δ-arc in each Rd and Ru connected by an arc
in the annulus, see the dashed curves in Figure 10(a, b). However, as illustrated in
Figure 10, the only possible configuration for this δ-curve is a long-path in the annulus
Al or Ar, contradicting the hypothesis of Proposition 3.1.1.
So both sj and sρ contain subarcs that are core arcs of Ru and Rd. Since γ intersects
both Ru and Rd, γ intersects each of sρ and sj at least twice.
We fix an orientation of δ. As ε ∩ δ = ∅, ε ∩ N (τD) is a collection of arcs through
the cusps of N (τD). By part (2) of Proposition 2.1.8, we may fix an orientation for ε
so that the induced orientation of all the arcs in ε ∩ N (τD) are compatible with the
orientation of δ, near the cusps of N (τD), see Figure 11.
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(a) (b)
sρ
sρ
δ
Xd
Xd
Figure 10. Possible configurations for sρ if sρ does not go through Rd
and Ru
ρ
ε ε
δ
Figure 11. The annulus AD = Σr τD and the s-wave ρ with respect to ε.
If ε goes through all the cusps of N (τD), then as shown in Figure 11, there is an
s-wave ρ with respect to ε and parallel to a δ-arc. We can perform a sequence of wave
moves starting on ε along s-waves similar to ρ in Figure 11 so that the resulting curve
ε′ goes into at most one cusp in each boundary component of AD = ΣrN (τD). This
implies that the arcs in ε′ ∩N (τD), if there are any, are all parallel to either sρ or sj.
Claim 3.1.2. The intersection ε′ ∩N (τD) contains at least two arcs.
Proof of Claim 3.1.2. We first consider the case that ε′ ∩N (τD) = ∅, i.e., ε′ is isotopic
to the core curve of AD. Since ∂+P ∩ ρx = ∂+P ∩ δ = X is a single point, ∂+P ∩ AD
is an essential arc in AD. So if ε
′ is isotopic to the core curve of AD, ε′ ∩ ∂+P is a
single point. Let E ′ be the disk in W bounded by ε′. This means that (P,E ′) is a
(P ,D)-pair. Note that each arc of (α∪ γ)∩AD intersects ε′ in at most one point. Let
C be the union of the components of (α ∪ γ) ∩ AD that are not ∂-parallel in AD. We
may view arcs in C as vertical arcs of the annulus AD and view ∂+P ∩ AD as a spiral
in AD.
There are two possible sub-cases: The first is that there is a component of (α∪ γ)r
∂+P that intersects ε
′ but does not intersect δ. This can happen only if the curve
∂+P ∩AD wraps around AD more than once and hence each component of C intersects
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∂+P . So each arc in (α ∪ γ) r C can be slightly extended along α ∪ γ into a longer
arc having endpoints in ∂+P ∩ AD. As each component of (α ∪ γ) r C intersects δ,
this implies that |C| = |(α ∪ γ) r C| ≤ c0(P,D, α, γ). Since ε′ is isotopic to a core
curve of AD we have |(α∪ γ)∩ ε′| = |C|. Moreover, by the definition of the complexity,
c0(P,E
′, α, γ) ≤ |(α ∪ γ) ∩ ε′|. Thus we have c0(P,E ′, α, γ) ≤ c0(P,D, α, γ). The
second possible subcase is that if a component of (α∪γ)r∂+P intersects ε′ then it also
intersects δ. Hence, by the definition of the complexity, c0(P,E
′, α, γ) ≤ c0(P,D, α, γ)
in this subcase as well.
Since each arc in C intersects ε′ in one point, Lemma 2.1.3 implies that |(α∪γ)∩ε′| <
|(α ∪ γ) ∩ δ| so we have c(P,E ′, α, γ) < c(P,D, α, γ), contradicting Assumption 1.2.3.
Thus ε′ ∩N (τD) 6= ∅.
It remains to consider the case that ε′ ∩N (τD) is a single arc. In this case consider
the train track τ−D obtained by removing the segment ρx from τD. Note that N (τ−D )
is a once-punctured torus and δ ∩ N (τ−D ) is a single arc in N (τ−D ). We may view
ε′∩N (τD) = ε′∩N (τ−D ), so ε′∩N (τ−D ) is also a single arc in N (τ−D ). Note that the arc
ε′ ∩N (τD) is parallel to one of the two splitting arcs sρ or sj. Moreover, the endpoints
∂sρ (or ∂sj) and the endpoints ∂ρx alternate along the boundary of N (τ−D ). Hence the
endpoints of ε′ ∩N (τ−D ) and the endpoints of δ ∩N (τ−D ) alternate along the boundary
of N (τ−D ). This implies that δ ∩ N (τ−D ) and ε′ ∩ N (τ−D ) are non-parallel essential arcs
in N (τ−D ). Thus we may suppose that δ ∩ N (τ−D ) is of slope 1/0 and ε′ ∩ N (τ−D ) is of
slope 0/1 with respect to a basis of the relative first homology of the once-punctured
torus N (τ−D ).
Since δ takes two short paths in Ar, we can isotope the core curve ar of Ar into
N (τ−D ). So there is an arc of slope p/q in N (τ−D ) interesting ar in a single point. Let
E ′ and D be the disks bounded by ε′ and δ in W respectively. We can take p parallel
copies of D and q parallel copies of E ′, and perform a sequence of band sums of these
disks along the boundary of N (τ−D ) to obtain a disk D′ in W so that ∂D′ ∩ N (τ−D ) is
an arc of slope p/q. Hence ∂D′ intersects ar in a single point. Recall that ar = ∂+Pr
where Pr is a planar surface. So (Pr, D
′) forms a (P ,D)-pair.
The curve ar can be viewed as the union of two segments of τD. Since δ intersects
every α- and γ-arc in Ar and intersects at least two other γ-arcs in the rectangles Rd
and Ru, we have |(α ∪ γ) ∩ ar| < c0(P,D, α, γ). By the definition of the complexity,
c0(Pr, D
′, α, γ) ≤ |(α ∪ γ) ∩ ∂+Pr|. Thus, we have c0(Pr, D′, α, γ) < c0(P,D, α, γ)
contradicting Assumption 1.2.3. This finishes the proof of the claim. 
The arcs in ε′ ∩ N (τD) are parallel in N (τD) to either sρ or sj. We have concluded
earlier that γ intersects each of sρ and sj at least twice, so Claim 3.1.2 implies that two
distinct subarcs of γ are [ε′−, ε′+]-edges. Similarly, since ε′ does not go through all cusps,
two distinct subarcs of γ are [δ−, δ+]-edges. Hence, by part (1) of Lemma 1.3.7, there
is no wave with respect to {δ, ε′}. Now, it follows from part (1) of Proposition 2.1.8
that we may fix an orientation for α and γ so that the intersection points of α and γ
with δ all have the same sign.
Since there is no wave with respect to {δ, ε′}, by Theorems 1.3.5 and 1.3.6, there
must be a wave with respect to {α, γ}. Furthermore, by Lemma 2.1.4, this wave must
be with respect to γ. Denote such a wave by η.
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Next we consider the annulus AD = Σ rN (τD). Before we proceed, we would like
to point out that if the core curve αD of AD is disjoint from α ∪ γ, then K is doubly
primitive: To see this, first note that αD is a nonseparating curve in Σ. If αD is disjoint
from α∪γ, then αD can be obtained by a band sum of α and γ. Since γ bounds a disk
C in W and α = ∂+A, there is an annulus A
′ obtained by a band sum of C and A so
that αD = ∂+A
′. Since αD ∩ δ = ∅, we have c0(P,D, αD) = 0 and by Proposition 1.2.2,
K is doubly primitive.
So we may assume that not all arcs in (α ∪ γ) ∩ AD are ∂-parallel in AD. Suppose
a component σ of (α ∪ γ) ∩ AD is ∂-parallel in AD, then since the signs of the two
intersection points at ∂σ are the same, the subdisk of AD cut off by σ must contain
exactly one cusp, i.e. σ can be isotoped into the cusp. Thus we can enlarge N (τD)
to contain all such ∂-parallel components of (α ∪ γ) ∩ AD. To simplify notation, we
still use N (τD) to denote the surface after this enlargement and use AD to denote its
complement. Moreover, the new AD still has two cusps at each boundary curve.
Now (α ∪ γ) ∩ AD consists of essential arcs in AD. So the wave η with respect to γ
is an arc that connects either, (1) two components of (α∪ γ)∩AD or, (2) a component
of (α ∪ γ)∩AD to an arc in the cusp of N (τD) or, (3) two arcs in the cusps of N (τD).
The dashed arc in Figure 8(b) is a picture of η if (1) occurs, and Figure 12 is a picture
of η if (2) occurs. Since ∂+P ∩ AD is a single essential arc in AD, if (1) or (2) occur,
η intersects ∂+P in at most one point after isotopy. Moreover, recall that the γ-arcs
in Rd and Ru contain at least two [δ−, δ+]-edges and two [ε′−, ε′+]-edges which are in
the cusps of N (τD), so there must be a [δ−, δ+]-edge and an [ε′−, ε′+]-edge that are
disjoint from ∂η if η has at most one end in the cusps of N (τD), and this contradicts
Lemma 2.2.4. Thus configurations (1) and (2) cannot occur. Furthermore, since the
intersection points of δ and γ all have the same sign (by Proposition 2.1.8), η does not
connect two cusps at the same boundary curve of AD. Thus η ∩AD is an essential arc
in AD.
So η connects a cusp at one ∂-component of AD to a cusp at the other ∂-component,
see Figure 13. The arcs of ε′ ∩AD cannot be all parallel: If they are all parallel, since
arcs in ε′ ∩ N (τD) are parallel, ε′ must have more than one component, which is a
contradiction. For an example of a possible configuration of ε′ ∩ AD see Figure 13.
If the wave η is a subarc of ε′ (traversing AD vertically from cusp to cusp without
meeting α and γ arcs there), then ∂η is a pair of points in ε′ ∩ γ with opposite signs
of intersection. Since the orientations of δ and ε are compatible inside the cusps, after
the wave moves along the s-wave depicted in Figure 11, the orientations of δ and ε′ are
also compatible inside the cusps. As the points of ∂η are contained in two cusps and
∂η ⊂ γ, this implies that δ∩γ must also contain points (in a neighborhood of ∂η) with
opposite signs of intersection, which contradicts part (1) of Proposition 2.1.8. Thus η
is not parallel to a subarc of ε′.
By part (1) of Proposition 2.1.8, we may assume that all intersection points of α
and γ with δ and ε′ all have the same sign. By Lemma 1.3.11, the Whitehead graph
Γ({δ, ε′}) is of type (i) in Figure 2 with c 6= 0, d 6= 0 and exactly one of a and b
being zero. In particular, Σr (α∪ γ ∪ δ ∪ ε′) consists of two octagons and a collection
of quadrilaterals (this can be seen from the Heegaard diagram corresponding to such
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a Whitehead graph). So η is an arc in an octagon or a quadrilateral component of
Σr (α∪ γ ∪ δ∪ ε′) connecting two γ-edges. Note that, unless η is an arc in an octagon
connecting two opposite edges, the arc η is parallel to a δ- or an ε′-edge of the octagon
or quadrilateral. Since no subarc of δ and ε′ is a wave, the wave η must be an arc in
an octagon component connecting two opposite edges of the octagon.
The consistency of the signs of intersections also implies that the orientations of the
two subarcs of α∪ γ next to a cusp must be as shown in Figure 8(b). This means that
the two arcs next to a cusp must be an α-arc and a γ-arc: If they belong to the same
curve then the dashed arc in Figure 8(b) is a wave which we have already ruled out in
the configuration (1) above. Note that the α- and γ-arcs next to a cusp in Figure 8(b)
cannot be edges of a quadrilateral components of Σr (α∪γ∪ δ∪ε′), and they must be
two opposite edges of an octagon component of Σr (α∪ γ ∪ δ∪ ε′). It follows from the
configuration of the Whitehead graph Γ(δ, ε′) that the other pair of opposite edges of
an octagon component of Σr(α∪γ∪δ∪ε′) that belong to α∪γ are a [δ−, δ+]-edge and
an [ε′−, ε′+]-edge. So η must be an arc connecting a [δ−, δ+]-edge to an [ε′−, ε′+]-edge
in the octagon. In conclusion, the two octagon components of Σr (α∪ γ ∪ δ∪ ε′) must
be as shown in Figure 8(c) where the dashed arc is the wave η. Figure 13 is a picture
of the wave η in AD. In particular, the wave enters one cusp between two δ arcs, and
one cusp between two ε′ arcs as in the Figure 13.
η
α
γ α ∂+P
γ
Figure 12. The annulus AD, and the wave η with respect to γ. The
vertical arrows are the α and γ arcs passing through AD.
Now, perform a wave move along η in two steps as in Definition 1.3.3. The surgery-
step changes γ into two curves γ′ and α0 where α0 is parallel to α. The picture of η
(as shown in Figure 13) indicates that this surgery basically changes a pair of γ-arcs
in the cusps into a pair of essential arcs in AD. Moreover, one of the two essential
arcs is a subarc of γ′ and the other is a subarc of α0. In the second step, we delete
α0. Since α0 is parallel to α and since there are no bigon intersections, α ∩ AD must
contain an arc parallel to the α0-arc created in the surgery step. This means that after
we delete α0 in the second step, the two arcs in AD next to a cusps are an α-arc and
a γ′-arc, both essential in AD. Moreover, the argument above implies that if there is a
wave with respect to {α, γ′} after the first wave move, the next wave is still as shown
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η
α′ α
′
γ′
Figure 13. The annulus AD, and the wave η with respect to α and γ.
The vertical arrows are the α and γ arcs passing through AD.
in Figure 13. Hence we can continue a sequence of wave moves along η. To simplify
notation, we will always use α′ and γ′ to denote the corresponding curves after any
such wave moves, and the two arcs in AD next to a cusp remain one α
′-arc and one
γ′-arc, both of which are essential in AD.
We say two arcs k1 and k2 of (α
′ ∪ γ′)∩AD are of the same type if they are isotopic
in AD via an isotopy that does not meet the cusps, i.e., a component of ADr (k1 ∪ k2)
does not contain any cusp. There are two possible types of arcs in (α′∪γ′)∩AD. Note
that after the first wave move along η in Figure 13, there is at least one arc in each
type: the two arcs of (α′ ∪ γ′) ∩ AD next to a cusp as in Figure 13. The arcs of the
same type that are right next to the cusps are called outermost arcs of this type. In
general there will be two outermost arcs of the same type. However there will be only
one outmost arc if there is only one arc of this type.
Recall that AD is invariant under the hyperelliptic involution pi and pi sends the wave
η to its dual wave which connects the other pair of cusps. This implies that the set of
arcs in (α′ ∪ γ′) ∩AD of the same type is invariant under pi. Hence the two outermost
arcs of the same type are either both α′-arcs or both γ′-arcs. We call the two types of
arcs in (α′ ∪ γ′) ∩ AD the α-type and the γ-type depending on whether the outermost
arcs in this type are α′- or γ′-arcs. By the description of the wave moves along η, after
any sequence of wave moves along η, the outermost arcs of the α-type (resp. γ-type)
must always be α′-arcs (resp. γ′-arcs).
We view η ∩ AD and (α′ ∪ γ′) ∩ AD as vertical arcs of the annulus AD and view
∂+P ∩ AD as a spiral arc in AD. Since γ contains two distinct [δ−, δ+]-edges and
two distinct [ε′−, ε′+]-edge and since η connects a [δ−, δ+]-edge to an [ε′−, ε′+]-edge,
there are a [δ−, δ+]-edge to an [ε′−, ε′+]-edge disjoint from ∂η. Hence by Lemma 2.2.4,
η intersects the spiral ∂+P ∩ AD at least twice. Moreover, since the hyperelliptic
involution interchanges the two ρ-cusps (the cusps at the ends of ρx), η must connects
a ρ-cusp to a j-cusp. Recall that the two j-cusps are at the two junctions J dr and J ur
and the two cusps point into the two rectangles Rd and Ru respectively. So the end
of η at the a j-cusp is as shown in Figure 14(a). The wave move along η “pushes” a
cocore arc in Ru (or Rd) along η, changing it to a cocore arc of Ar.
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(a) (b)
δ
η
η
α′ γ′
Figure 14. Configurations the cusps at ∂η
The picture of the end of η at the ρ-cusp is slightly more complicated. Consider the
vertical arcs in Σ̂ induced by the product structures of Al, Ar, Rd and Ru. Let κd and
κu be those vertical arcs that contain Xd and Xu respectively. Since X is a fixed point
of the hyperelliptic involution pi, we may assume that pi interchanges κd and κu, so the
configurations at κd and κu are symmetric.
There are two cases:
Case 1: The vertical arcs κd ∪ κu do not intersect τD r ρx.
Since δ takes two short paths in Ar, in this case the points Xu and Xd must be in
∂Al. As illustrated in Figure 15, there are four possible configurations of δ in Al (ignore
the shaded regions and dashed arcs for now), depending on the locations of Xd and Xu
and the directions of the cusps (which are symmetric under pi). The difference between
Figures 15(a, b) and Figures 15(c, d) is that the cusps of N (τD) in Figures 15(a, b)
point to the rectangles Rd and Ru while in Figures 15(c, d) the cusps point to segments
of τD contained in Al.
(a) (b)
(c) (d)
Figure 15. Possible configurations of δ in Al
Suppose the configuration is as in Figure 15(c,d) and the union α′∪ γ′ intersects the
shaded regions in Figure 15(c,d). Note that a wave move along η will “push out” a
cocore arc in the shaded region changing it to a cocore arc in either Al or in one of
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Rd or Ru. Hence by performing a sequence of wave moves along η (if there are such
waves) we can “push out” all the arcs in α′ ∪ γ′ which intersect the shaded regions in
Figure 15(c,d).
If the union α′ ∪ γ′ does not intersect the shaded regions in Figure 15(c, d), then
we may perform an isotopy on Al, or equivalently, change the product structure of
Al as shown in Figure 16, so that after this isotopy, the cusps of N (τD) point to the
rectangles Rd and Ru in the decomposition. As α′ ∪ γ′ does not intersect the shaded
region, the isotopy does not change α′ ∪ γ′. Moreover, the new train track τD obtained
using the new product structure has cusps pointing into Rd and Ru, similar to the
configurations of Figure 15(a, b).
If the configuration is as in Figure 15(a,b), then the wave move “pushes out” a cocore
arc in Rd or Ru, changing it to a cocore arc of Al.
Hence in all configurations we perform a sequence of wave moves along the wave
η illustrated in Figure 13. Whenever α′ ∪ γ′ does not intersect the shaded regions
in Figure 15(c,d), then we perform an isotopy on Al changing the product structure
as indicated in Figure 16. As explained above, in all cases, after these operations
(α′ ∪ γ′) ∩ Σ̂ remains a collection of cocore arcs of Al, Ar, Rd and Ru.
isotopy
Figure 16. Isotopy on Al
If, after a number of such waves moves, there are no waves with respect to {α′, γ′}
but there are still [δ−, δ+] and [ε′−, ε′+] blocking edges, then there are no waves in the
Heegaard diagram with respect to {α′, γ′} and {δ, ε′}, contradicting Theorems 1.3.5
and 1.3.6.
Thus, as both sρ and sj contain core arcs of Rd and Ru, we conclude that we
can continue the sequence of wave moves until α′ ∪ γ′ no longer intersects Rd (and
symmetically Ru).
This implies that after these wave moves, (α′∪γ′)∩(Rd∪Ru) = ∅. Fix an orientation
for ∂+P . As illustrated in Figure 9, the two endpoints of each arc of (α
′ ∪ γ′)∩Al and
(α′ ∪ γ′) ∩ Ar are a pair of intersection points of (α′ ∪ γ′) ∩ ∂+P with the same sign.
So if α′ ∪ γ′ does not intersect Rd ∪Ru, then (α′ ∪ γ′)∩ Σ̂ consists of cocore arcs in Al
and Ar. Similar to the proof of Lemma 2.2.4, this implies that the intersection points
of α′ ∩ ∂+P all have the same sign and the intersection points of γ′ ∩ ∂+P all have the
same sign.
Next we consider the Heegaard diagram given by {δ, ε′} and {α′, γ′} after these wave
moves.
Claim 3.1.3. Either the knot K is doubly primitive or the Heegaard diagram contains
both [α′−, α′+] and [γ′−, γ′+] blocking edges.
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Proof. As explained earlier and illustrated in Figure 14(a), after a wave move, there
is always an α′-arc and a γ′-arc at the two sides of the j-cusp. This means that
one component of Ar r (J ur ∪ J dr ), denoted by Rα, contains an α′-arc and the other
component of Ar r (J ur ∪J dr ), denoted by Rγ, contains a γ′-arc, see the right annulus
in Figure 9. As the orientations of α′ and γ′ are compatible with the orientation of
δ, the α′- and γ′-arcs next to the j-cusp must have opposite directions with respect
to the core curve of Ar, see Figure 14(a) and Figure 9. This means that the signs of
α′ ∩ ∂+P and γ′ ∩ ∂+P are opposite. Moreover, since the intersection points of δ with
α′ ∪ γ′ have the same sign, all the arcs of Rα ∩ (α′ ∪ γ′) must be α′-arcs and all the
arcs in Rγ ∩ (α′ ∪ γ′) must be γ′-arcs.
Consider Al and assume that Al∩(α′∪γ′) contains both α′- and γ′-arcs that meet δ.
Since α′∩∂+P and γ′∩∂+P have opposite signs and since the orientations of α′ and γ′
are compatible with the orientation of δ, these α′- and γ′-arcs are contained in different
components of Al r (J ul ∪ J dl ), see the left annulus in Figure 9. Moreover, as shown
in Figure 9, an α′-arc (resp. a γ′-arc) in Al and an α′-arc (resp. a γ′-arc) in Ar are
connected by a subarc of δ which passes through Ru or Rd and is parallel to a subarc
of ∂+P . This means that δ contains subarcs that are [α
′−, α′+] and [γ′−, γ′+] blocking
edges and the claim holds. So it remains to consider the case that Al ∩ (α′ ∪ γ′) does
not contain both α′- and γ′-arcs that meet δ.
Suppose the claim is false. Without loss of generality, suppose there is no [γ′−, γ′+]
blocking edge. So the argument above implies that the arcs of Al ∩ (α′ ∪ γ′) that meet
δ are all α′-arcs. Note that if Rγ ∩ (α′ ∪ γ′) contains two arcs, then the two arcs are
both γ′-arcs and are connected by a subarc of δ in Rγ which is a [γ′−, γ′+] blocking
edge, contradicting the assumption above. So Rγ contains exactly one arc. Since the
arcs in Al ∩ (α′ ∪ γ′) that meet δ are all α′-arcs, this implies that there is exactly one
arc of γ′ ∩ Σ̂ that intersects δ.
Recall that the arcs (α′∪γ′)∩AD are divided into α-type and γ-type, and ∂+P ∩AD
is a spiral that intersect the wave η more than once. So the conclusion above implies
that all the arcs of α-type are α′-arcs and all the arcs of γ-type are γ′-arcs. Since there
is no [γ′−, γ′+] blocking edge, exactly one arc of (α′ ∪ γ′) ∩ AD is of the γ-type.
As described in Definition 1.3.3 and in earlier argument, a wave move is carried out
in two steps. As illustrated in Figure 13, the first wave move “pushes out” a pair of
γ-arcs in the cusp and “changes” them into an arc of α-type and an arc of γ-type. In
the second step, a resulting curve that is parallel to α is deleted. Since there is no
bigon intersection, the curve (from the first step of the wave move) that is parallel to
α must have the same intersection pattern with δ as α ∩ δ. This implies as above that
the second step of the wave move cannot remove all the arcs of α-type. Thus, after the
first wave move, there is at least one arc in each α- and γ-type.
Moreover, since the outermost arcs of the γ-type (resp. α-type) are both γ′-arcs
(resp. α′-arcs) with compatible orientations, two outermost arcs of the same type
cannot both be removed in the second step of the wave move. Thus, the description of
the wave move above implies that if there was more than one arc of the γ-type (resp.
α-type) before a wave move, then there will be more than one arc of the γ-type (resp.
α-type) after the wave move as well. Since there is exactly one arc of the γ-type in the
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conclusion above, there must be exactly one γ′-arc of the γ-type after the first and any
subsequent wave move.
Furthermore, if a subsequent wave move is with respect to γ′, then the wave move
“pushes out” a γ′-arc out of the cusp and creates an additional γ′-arc of γ-type. Hence
there will be two γ′-arcs of γ-type after this wave move and all subsequent wave moves,
contradicting the conclusion that we are left with a single γ′-arc after these wave moves.
Therefore, after the first wave move, the subsequent wave moves must be all with
respect to α′.
Recall that by Lemma 2.1.4, the first wave move is with respect to γ and that after
the first wave, γ′ = ∂+A′ where A′ is an annulus obtained by from a band sum of the
disk C (∂C = γ) and the annulus A (α = ∂+A). As the subsequent wave moves are
with respect to α′, the γ′-curve is unchanged by the subsequent wave moves. We have
concluded above that exactly one arc of γ′ ∩ Σ̂ meets δ. Since γ′ = ∂+A′ where A′ is a
vertical annulus in U , it follows from Proposition 1.2.2 that K is doubly primitive. 
Claim 3.1.4. The union α′∪γ′ contains subarcs that are [δ−, δ+] and [ε′−, ε′+] blocking
edges.
Proof. Recall that before all the wave moves with respect to {α′, γ′}, the Whitehead
graph Γ({δ, ε′}) is of type (i) in Figure 2 with c 6= 0, d 6= 0 and exactly one of a and
b being zero, and the wave η connects a [δ−, δ+] edge to an [ε′−, ε′+] edge. In other
words, the Whitehead graph Γ({δ, ε′}) is a square with η connecting two opposite edges
(i.e. the two edges in Figure 2(i) marked c and d). This implies that the wave move
along η does not create a new type of edge in the Whitehead graph, however the c and
d in Figure 2(i) might change and become zero after a wave move. In other words,
the [δ−, δ+] and [ε′−, ε′+] edges in the Whitehead graph may disappear. So after the
sequence of wave moves with respect to {α′, γ′}, we have 3 possibilities:
(1) Neither c and d in Figure 2(i) become zero after the wave moves, which means
that there are still [δ−, δ+] and [ε′−, ε′+] blocking edges and the claim holds.
(2) Both c and d in Figure 2(i) become zero after the wave moves, which means that
the Whitehead graph Γ({δ, ε′}) becomes disconnected and Σr (δ∪ ε′∪α′∪ γ′).
contains an essential simple closed curve.
(3) Exactly one of c and d in Figure 2(i) becomes zero, which means that the
Whitehead graph Γ({δ, ε′}) consists of three edges and hence Σr(δ∪ε′∪α′∪γ′)
consists of a 12-gon and a collection of quadrilaterals.
Now, we consider the Whitehead graph Γ({α′, γ′}). By Claim 3.1.3, we may assume
that δ ∪ ε′ contains subarcs that are [α′−, α′+] and [γ′−, γ′+] edges. Recall that before
the sequence of wave moves, the intersection points of each curve of {δ, ε′} with each
curve in {α, γ} all have the same sign. So after these wave moves, the intersection
points of each curve of {δ, ε′} with each curve in {α′, γ′} still all have the same sign.
Hence no subarc of α′ and γ′ is a wave with respect to {δ, ε′}. By Lemma 1.3.11,
this implies that the Whitehead graph Γ({α′, γ′}) must be of type (i) in Figure 2 with
c 6= 0, d 6= 0 and exactly one of a or b being 0. Hence Σr (δ ∪ ε′ ∪ α′ ∪ γ′) consists of
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two octagons and a collection of quadrilaterals. This means that possibilities (2) and
(3) above cannot happen and the claim holds. 
By Lemma 1.3.7, Claim 3.1.3 and Claim 3.1.4 imply that there is no wave in the
Heegaard diagram after these wave moves. This is a contradiction to Theorems 1.3.5
and 1.3.6 which finishes the proof of Case 1.
Case 2: The vertical arcs κd ∪ κu intersect τD r ρx, as depicted in Figure 26(a).
In this case the δ-arcs near the point X are parallel. These δ-arcs can diverge and
form a cusp only at a junction, see Figure 14(b). By our construction, the original ρ-
cusp of τD is at the end of ρx. However, we have enlarged N (τD) to contain all subarcs
of α ∪ γ that are ∂-parallel in AD. Thus we may assume that the cusp of N (τD), at
one end of η, is at the junction as in Figure 14(b). The effect of the η-wave move on
the arcs of (α ∪ γ)∩ Σ̂ near this end of η, is similar to the effect at the end of η at the
j-cusp as can be seen in Figure 14(b). In particular, after the first wave move, all the
α- and γ′-arcs in Σ̂ are also cocore arcs with respect to the decomposition of Σ̂.
Similar to Case 1, we perform a sequence of wave moves and use α′ and γ′ to denote
the curves after any wave moves. Since sρ and sj pass through both rectangles Rd and
Ru, we can continue the wave moves until (α′ ∪ γ′) ∩ (Rd ∪Ru) = ∅. Note that these
wave moves basically “pushes” α′- and γ′-arcs out of the cusps along sρ and sj.
It is possible that, after some wave moves, the union α′ ∪ γ′ does not intersect a
component of Alr (J dl ∪J ul ) or Arr (J dr ∪J ur ) that contains a subarc of the wave η,
see the shaded region in Figure 17. If this happens, we can perform an isotopy on Σ̂
as shown in Figure 17. This isotopy can be viewed as changing the product structure
of Al, Ar, Rd and Ru, and it is similar in spirit to the isotopy in Figure 16. Since the
shaded region in Figure 17 does not contain any α′- or γ′-arc, this isotopy does not
affect α′ ∪ γ′. Therefore, we may always assume α′- and γ′-arcs are vertical arcs with
respect to the (possibly new) product structure after any wave move.
Note that this isotopy can be done to be symmetric with respect to the hyperelliptic
involution pi. Hence the symmetry with respect to pi is preserved after the isotopy. The
purpose of this isotopy is to guarantee that α′ and γ′ after the wave move still meet Σ̂
in cocore arcs with respect to the (possibly new) annulus-rectangle decomposition.
δ
η
η
isotopy
Figure 17. Isotopy on Σ̂
If after the isotopy in Figure 17 κd ∪ κu (with respect to the new product structure)
no longer intersects τDr ρx, then we are back in Case 1. If not, we continue with wave
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move until (α′ ∪ γ′) ∩ (Rd ∪Ru) = ∅. Now the proof is the same as Case 1. Note that
the isotopy does not change the annulus AD = ΣrN (τD) and the picture of the wave
is always as in Figure 13, so the argument in Claim 3.1.3 and Claim 3.1.4 can still be
applied in this setting. This finishes the proof of the proposition. 
3.2. δ takes four short paths
In this section we consider the third configuration where δ takes both short paths in
both annuli.
Proposition 3.2.1. If the curve δ takes two short paths in each of the annuli, then K
is doubly primitive.
Proof. Suppose to the contrary that K is not doubly primitive. As in Section 3.1,
we consider the train track τD. In this case τD is obtained from the train track in
Proposition 3.1.1 by attaching another segment. Thus, in this case, the complement
ΣrN (τD) is a disk with six cusps on its boundary. We may think of ΣrN (τD) as a
hexagon.
As in sections 3.1, the train track τD has a special segment ρx containing the in-
tersection point X and the weight of δ at ρx is one. We may assume that ρx and
the hexagon ΣrN (τD) are invariant under the hyperelliptic involution pi. Similar to
Section 3.1, the complement of τD r ρx is an annulus as in shown Figure 11. So the
two sides of ρx are parts of a pair of opposite edges of the hexagon ΣrN (τD). Hence
the action of pi on ΣrN (τD) interchanges these opposite edges. As ∂+P is invariant
under pi, the arc ∂+P ∩ (Σ r N (τD)) connects a pair of opposite boundary edges of
ΣrN (τD).
As in the Section 3.1 we call the two cusps at ∂ρx the ρ-cusps and the other four
cusps the j-cusps. So the j-cusps are located at the four junctions of Al and Ar, all
pointing to the rectangles Rd and Ru, and the configuration is similar to the picture of
the right annulus in Figure 9. In N (τD) there are three splitting curves connecting the
cusps of N (τD) in pairs and disjoint from δ. If we cut N (τD) open along these three
splitting curves, the resulting surface is a product neighborhood of δ. Since pi leaves
each essential simple closed curve in Σ invariant up to isotopy, we may assume that each
splitting curve is also invariant under the involution. As described in Remark 2.2.1,
the involution pi interchanges the two junctions in Al and the two junctions in Ar. We
use sl (resp. sr) to denote the splitting curve which connects the two j-cusps in the
two junctions of Al (resp. Ar). A splitting curve connecting the two ρ-cusps is denoted
by sρ. As the j-cusps point into the two rectangles Rd and Ru, both sl and sr contain
subarcs that are core arcs of Rd and Ru. Similar to sections 3.1, this implies that γ
intersects each of sl and sr at least twice.
Now for sρ, similar to Section 3.1, if sρ does not contain subarcs that are core arcs of
Rd and Ru, then the configuration of sρ must be as shown in Figure 10, which implies
that δ takes a long path, contradicting the hypothesis of Proposition 3.2.1. Thus sρ
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also contains subarcs that are core arcs of Rd and Ru, and γ intersects sρ at least
twice.
By part (2) of Proposition 2.1.8, we may assume that the orientations of δ and ε
are compatible in N (τD). Now we perform wave moves on ε along all possible s-waves
inside ΣrN (τD), similar to the s-wave illustrated in Figure 11. Let ε′ be the resulting
meridian of W . We can assume that there is no s-wave with respect to ε′ inside
Σ r N (τD). Note that, similar to Section 3.1, ε′ cannot pass through all the cusps
of N (τD) because it implies that there is an s-wave with respect to ε′ in Σ rN (τD),
similar to Figure 11.
Now consider the Heegaard diagram given by {δ, ε′} and {α, γ}.
Claim 3.2.2. There is no wave with respect to δ in ΣrN (τD).
Proof. Suppose there is a wave η ⊂ ΣrN (τD) with respect to δ. Note that ∂+PrN (τD)
is an arc in the disk ΣrN (τD). So, after isotopy, η ∩ ∂+P contains at most one point.
Since δ∩∂+P is a single point X, this means that if we perform the surgery in the first
step of the wave move, one of the two resulting curves intersects ∂+P in a single point.
Denote this curve by δ′ and denote the disk it bounds in W by D′. Hence (P,D′) is a
(P ,D)-pair. Clearly |δ′∩(α∪γ)| < |δ∩(α∪γ)|. Since δ takes two paths in each annulus,
every component of (α∪γ)∩ Σ̂ meets δ and this implies c0(P,D′, α, γ) ≤ c0(P,D, α, γ).
Thus c(P,D′, α, γ) < c(P,D, α, γ), contradicting Assumption 1.2.3. 
Case (a): There is a cusp of N (τD) that contains two ε′-arcs. In other words, two
components of ε′ ∩N (τD) are parallel to the same splitting curve sρ, sl or sr.
Since each sρ, sl or sr intersects γ at least twice and since the orientations of arcs
of ε′ ∩ N (τD) are compatible, γ contains two distinct subarcs that are both [ε′−, ε′+]-
edges. Moreover, by the conclusion before Claim 3.2.2, there is a cusp that contains no
ε′-arcs. This means that γ contains two distinct subarcs that are both [δ−, δ+]-edges.
By part (1) of Lemma 1.3.7, the Heegaard diagram has no wave with respect to {δ, ε′}.
By part (1) of Proposition 2.1.8, we may assume the intersection points of δ with α∪γ
all have the same sign.
Hence by Theorems 1.3.5 and 1.3.6, there must be a wave η with respect to {α, γ}.
By Lemma 2.1.4, the wave η must be a wave with respect to γ. Since ΣrN (τD) is a
disk and ∂+P ∩ (ΣrN (τD)) is a properly embedded arc, η intersects ∂+P in at most
one point after isotopy. Now the argument is the same as in Section 3.1. Recall that
there are two distinct [ε′−, ε′+]-edges and two distinct [δ−, δ+]-edges which are in the
cusps of N (τD). Hence, if η has only one endpoint in the cusp, we are guaranteed to
have an [ε′−, ε′+]-edge and a [δ−, δ+]-edge disjoint from ∂η, contradicting Lemma 2.2.4.
Thus we may assume that the wave η have both endpoints in the cusps of N (τD).
Similar to Section 3.1, since the orientations of δ and ε′ are compatible in N (τD) and
since the intersection points of δ with γ have the same sign, η cannot be a subarc of ε′.
As in Section 3.1 and by Lemma 1.3.11 and Proposition 2.1.8, this implies that η must
connect a [δ−, δ+]-edge to an [ε′−, ε′+]-edge. Hence there are an [ε′−, ε′+]-edge and a
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[δ−, δ+]-edge which are disjoint from ∂η, again, contradicting Lemma 2.2.4. So Case
(a) cannot occur.
Hence we assume that each cusp of N (τD) has at most one ε′-arc. Since the orien-
tations of ε′ and δ are compatible in N (τD), each component of ε′ ∩ (Σ r N (τD)) is
either an arc parallel to a boundary edge of Σ r N (τD), see Figure 18(a), or an arc
connecting two opposite cusps, see Figure 18(b) (ignore the dashed arcs for now). Note
that ε′ ∩ (ΣrN (τD)) cannot be a single arc parallel to an edge of ΣrN (τD) because
it would imply that ε′ can be isotoped into δ.
Since there is no s-wave with respect to ε′ in ΣrN (τD), the discussion above implies
that if ε′ ∩ (Σ r N (τD)) contains more than one arc, then ε′ ∩ (Σ r N (τD)) consists
of exactly two arcs parallel to a pair of opposite edges of the hexagon ΣrN (τD), see
Figure 18(a). This means that Figure 18 (a) and (b) are the only possible configurations
for ε′ ∩ (ΣrN (τD)) (ignore the dashed arcs for now).
(a) (b)
ε′
ε′ ε
′
ε′′
Figure 18. Configurations of ε′ in ΣrN (τD)
Case (b): The configurations for ε′ ∩ (ΣrN (τD)) is as in Figure 18(b).
In this case, ε′ ∩ (ΣrN (τD)) is a single arc forming a main diagonal of the hexagon
Σ r N (τD). Recall that ∂+P ∩ (Σ r N (τD)) is an arc connecting a pair of opposite
edges of ΣrN (τD), see the dashed arc in Figure 18(b). As shown in Figure 18(b), ε′
intersects ∂+P in exactly one point. Let E
′ be the disk in W bounded by ε′, so (P,E ′)
is a (P ,D)-pair. The configuration of ε′ implies that |(α∪γ)∩ ε′| < |(α∪γ)∩ δ|. Since
each component of (α ∪ γ) ∩ Σ̂ intersects δ, we have c0(P,D, α, γ) ≤ c0(P,E ′, α, γ).
Hence c(P,D, α, γ) < c(P,E ′, α, γ), contradicting Assumption 1.2.3.
Case (c): The configuration for ε′ ∩ (ΣrN (τD)) is as in Figure 18(a).
In this case, we can use a main diagonal of the hexagon ΣrN (τD), see the dashed arc
in Figure 18(a), to connect the two ends of the splitting arc of N (τD) which connects
(in N (τD)) the two cusps that ε′ does not pass through. This gives a nonseparating
simple closed curve ε′′ that is disjoint from both δ and ε′. As {δ, ε′} is a complete
set of meridians for W , ε′′ must also bound a disk in W . Now consider {δ, ε′′}. The
configuration of ε′′ is the same as that of ε′ in Case (b), see Figure 18. So we can apply
the arguement in Case (b) on ε′′ and obtain the same contradiction to Assumption 1.2.3.
This finishes the proof of the proposition. 
3.3. The curve δ takes a long path
In this section we consider the third configuration, namely when δ takes a long path
in one (or both) of the annuli.
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Proposition 3.3.1. If δ takes a long path in an annulus, then K is doubly primitive
or there is an isotopy of the annulus containing the long path which converts the long
path to a short path.
Proof. Without loss of generality, suppose δ takes a long path in Ar.
Claim. Either Proposition 3.3.1 holds or there is a meridian ε′ of W disjoint from δ
such that there is no wave with respect to {δ, ε′} in the Heegaard diagram determined
by {α, γ} and {δ, ε′}.
Proof. If δ takes one short path in Al, then an Euler characteristic argument shows
that ΣrN (τD) is an annulus. Similar to Section 3.1, we can perform wave moves along
s-waves as in Figure 11 and obtain a meridian ε′ of W . Moreover, as in Section 3.1,
α∪ γ contains subarcs that are [δ−, δ+] and [ε′−, ε′+] blocking edges. By Lemma 1.3.7,
this means that there is no wave with respect to {δ, ε′}.
If δ takes two short paths or a long path in Al, then Σ rN (τD) is a disk with six
cusps along its boundary. Similar to Section 3.2, we can perform wave moves along
s-waves and, again, obtain a meridian ε′ of W .
Let sρ, sl and sr be the three splitting curves similar to Section 3.2. Note that if
α ∪ γ intersects each of sρ, sl and sr, then the argument in Section 3.2 implies that
α ∪ γ contains subarcs that are [δ−, δ+] and [ε′−, ε′+] blocking edges. Hence there is
no wave with respect to {δ, ε′} and the claim holds. Next we analyze the possibilities
that α ∪ γ is disjoint from a splitting curve sρ, sl or sr.
Suppose (α ∪ γ) ∩ sρ = ∅, then similar to Section 3.1, the configurations of sρ is as
shown in Figure 10. Note that there is no immediate contradiction as in Section 3.1
since there can be a long path in this case. We first consider the configuration of
Figure 10(b). By the assumption before Lemma 2.2.2, if Xd lies in ∂Rd, then the
δ-arc in Rd that contains Xd intersects α ∪ γ. Since (α ∪ γ) ∩ sρ = ∅, this means
that the configuration of Figure 10(b) does not happen. So the configuration of sρ is
as in Figure 10(a). Similar to the isotopy in Figure 16, we can perform an isotopy as
shown in Figure 19. The isotopy can be viewed as a change of the product structure
of the annulus. Since (α ∪ γ) ∩ sρ = ∅, α ∪ γ does not intersect the shaded region in
Figure 19 and the isotopy does not affect α and γ. Moreover, after the isotopy, the
long path becomes a short path and this case is converted into the case that δ takes
only one short path in Al and the claim follows from the discussion at the beginning
of the claim.
isotopy
Figure 19. Isotopy on Ar
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If (α∪ γ)∩ sl = ∅ (or (α∪ γ)∩ sr = ∅), then the configuration of sl (or sr) is similar
to Figure 10(a) and we can perform a similar isotopy (without changing α ∪ γ) which
changes the long path into a short path. Therefore, we can convert this case to the
cases that δ only takes short paths if α ∪ γ does not intersect a splitting arc sρ, sl or
sr. Thus the claim holds in all cases. 
So we may assume that there is no wave with respect to {δ, ε′}. By part (1) of
Proposition 2.1.8, the intersection points of δ ∩ γ all have the same sign. Consider
the core curve ar of Ar. Since δ takes a long path in Ar and since points of δ ∩ γ all
have the same sign, the intersection points of ar ∩ γ all have the same sign. Recall
that ar = ∂+Pr where Pr is a planar surface in U obtained by a ∂-compression on P .
However, since γ bounds a disk C in U , if C ∩ Pr 6= ∅, then the two endpoints of an
arc in C ∩Pr have opposite signs, a contradiction. Thus C ∩Pr = ∅. By Lemma 1.2.4,
this means that Pr must be a vertical annulus in U . Moreover, since the surgery slope
is an integer, then after isotopy, Pr ∩ A is a single vertical arc and hence α ∩ ar is a
single point. This means that Ar ∩ γ = ∅ and Ar ∩ α is a single arc.
Since there is no wave with respect to {δ, ε′}, by Theorems 1.3.5 and 1.3.6, there
must be a wave with respect to {α, γ} and by Lemma 2.1.4, this wave must be with
respect to γ. If a component of δ ∩Ar in the long path intersects the arc α∩Ar more
than once, since Ar ∩ γ = ∅, a subarc of this component is an [α−, α+]-edge. However,
by the proof of Lemma 1.3.7, the existence of an [α−, α+]-edge means that there is no
wave with respect to γ, a contradiction. So each component of δ ∩Ar in the long path
intersects the arc α ∩ Ar only once. So similar to the isotopy in Figure 19, we can
twist the annulus Ar, changing the long path into a short path with respect to the new
product structure. Therefore we can convert this case to the cases where δ takes only
short paths. 
3.4. δ takes one short path in each annulus
In this section we rule out the first possible configuration, namely, when δ takes only
two short paths: One in Al and one in Ar.
Proposition 3.4.1. Suppose that the curve δ takes one short path in Al and one short
path in Ar. Then K is doubly primitive.
Proof. As before, we assume δ and ∂+P are invariant under the hyperelliptic involution
pi and X = δ ∩ ∂+P is a fixed point of pi. By symmetry (2) in Remark 2.2.1, we may
assume Xd ∪ Xu lies in either ∂Al or ∂Rd ∪ ∂Ru. Moreover, since symmetry (3) in
Remark 2.2.1 interchanges the two short paths in Al, we may assume δ takes a fixed
short path in Al.
Consider the train track τD. As explained at the beginning of this chapter, the shape
of τD must be as shown in Figure 8(a). We may assume τD is also invariant under pi.
The train track τD consists of three segments one of which has cusps pointing towards
the segment. Call this segment the x-arc of τD. The other two segments have cusps
pointing away from the segments and we call them the y-arcs, see Figure 8(a). Note
that the segment ρx is a y-arc and the weight of δ at ρx is one.
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Let N (τD) be a small neighborhood of τD. It is a once-punctured torus with two
cusps on its boundary corresponding to the two cusps of τD. We may assume ε∩N (τD)
consists of essential arcs in N (τD). As ε∩δ = ∅ and δ is a simple closed curve in N (τD),
ε∩N (τD) is a collection of parallel arcs going into one cusp of N (τD) and coming out
of the other cusp. It follows from part (2) of Proposition 2.1.8 that the orientations of
these parallel arcs ε ∩ N (τD) (induced from an orientation of ε) are all the same. Let
T = ΣrN (τD). So T is also a once-punctured torus (with two cusps on the boundary),
see Figure 20 for a picture of ε near ∂T .
ε
ρ
Figure 20. The once punctured torus T and the s-wave ρ with respect
to ε.
If ε contains arcs in the cusps of N (τD), then as shown in Figure 20, there is an
s-wave ρ with respect to ε, parallel to one of the δ arcs connecting the two cusps on
∂T . Let ke be the number of components of ε∩N (τD). We can perform ke consecutive
wave moves on ε along such s-waves ρ, which result in a meridional curve ε′ of W that
is completely contained in T .
The proof will now proceed by the following sequence of claims:
Claim 3.4.2. Let E ′ be the disk in W bounded by ε′. There is a properly embedded
planar surface Pε in U such that (Pε, E
′) forms a (P ,D)-pair, and ∂−Pε has the same
slope as ∂−P in the boundary torus ∂−U .
Proof of Claim 3.4.2. Recall that if we perform a ∂-compression on P , we obtain a pair
of planar surface Pl and Pr with ∂+Pl and ∂+Pr isotopic to the core curves al and ar
of Al and Ar respectively.
By analyzing the possible configurations of ρx, for example see Figure 15, one can
see that, after isotopy, each of al ∩ N (τD) and ar ∩ N (τD) is a single nonseparating
arc in N (τD). Note that the two arcs al ∩ N (τD) and ar ∩ N (τD) cannot be parallel
in N (τD) because this means that a band sum of al = ∂+Pl and ar = ∂+Pr produces
a curve disjoint from N (τD) but parallel to ∂+P , which is a contradiction to the fact
that δ ∩ ∂+P is a single point. So al ∩N (τD) and ar ∩N (τD) are non-isotopic arcs in
the once-punctured torus N (τD). Hence the endpoints of al ∩ N (τD) and ar ∩ N (τD)
alternate along the boundary of the once-punctured torus. Since T = ΣrN (τD), the
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endpoints of al∩T and ar ∩T alternate along ∂T , which implies that al∩T and ar ∩T
are non-isotopic essential arcs in the once-punctured torus T .
Use the arcs al ∩ T and ar ∩ T as representatives of a basis for H1(T, ∂T ) ∼= Z⊕ Z,
and suppose they represent elements with slope 1/0 and 0/1 respectively. Since ε′ ⊂ T ,
there is a properly embedded arc in T and intersecting ε′ in one point. Suppose this
arc has slope p/q, where p and q are coprime. Take p parallel copies of Pl and q parallel
copies of Pr, and perform a sequence of band sums of these planar surfaces along ∂T to
obtain a planar surface Pε so that the intersection of T with the resulting curve ∂+Pε
is an arc of slope p/q. Hence the planar surface Pε is such that ε
′ ∩ ∂+Pε is a single
point. Hence (Pε, E
′) forms a (P ,D)-pair. 
Consider the Heegaard diagram with respect to Ŵ = {δ, ε′} and V̂ = {γ, α}. Let
sj be the splitting arc in N (τD), i.e. sj is an arc connecting the two cusps such that
sj ∩ δ = ∅ and N (τD) r sj is a product neighborhood of δ. Lemma 2.1.3 implies
that sj passes through both Rd and Ru. Since γ intersects both Rd and Ru and
ε′ ⊂ ΣrN (τD), our assumption on the orientation of δ implies that γ has two distinct
subarcs in Rd and Ru that are [δ−, δ+] blocking edges in the Whitehead graph Γ(δ, ε′).
In a once-punctured torus if two essential embedded curves or arcs intersect min-
imally then the algebraic intersection number is equal to the geometric intersection
number. Hence the intersection points of ε′ with each arc of (α ∪ γ) ∩ T all have the
same sign.
For each arc component of (α ∪ γ) ∩ T , by collapsing all its intersection points with
ε′ into one point along this arc, we can construct a train track fully carrying ε′. In fact,
we can extend such collapsing/pinching as much as possible to construct a train track
τE which is either a train track as in Figure 8(a) or a circle (in which case each arc of
(α ∪ γ) ∩ T intersects ε′ in at most one point). In either case, each arc of (α ∪ γ) ∩ T
intersects the train track τE in at most one point.
Claim 3.4.3. Either |(α ∪ γ) ∩ τE| ≤ c0(P,D, α, γ) or K is doubly primitive.
Proof of Claim 3.4.3. We have two possible cases depending on whether configurations
in Figure 21 occur or not.
(i) For each component κ of (α ∪ γ) r ∂+P so that κ ∩ τD = κ ∩ ρx then κ ∩ ρx
contains at most one point. In other words, the configurations in Figure 21 do
not occur.
(ii) There is a component κ of (α ∪ γ) r ∂+P such that κ ∩ τD = κ ∩ ρx contains
more than one point, see Figure 21 where the dashed arc is κ.
Case (i). Let ζ be a component of (α∪γ)r∂+P . By our construction of τD, ζ intersects
τDrρx in at most one point. Suppose ζ∩τD contains more then one point, then ζ must
intersect ρx. The hypothesis of this case implies that ζ ∩ (τDrρx) 6= ∅. Figure 26(a) is
a local picture near X when this happens. Moreover, a subarc of ζ between two points
of ζ ∩ τD must connect ρx to τD r ρx.
As illustrated in Figure 26(a), such a subarc of ζ between two points of ζ ∩ τD is
an arc in Σ r τD that “cuts off” a cusp. In particular, such an arc corresponds to a
∂-parallel arc in ΣrN (τD) and is disjoint from ε′ after isotopy. So for each component
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ζ of (α ∪ γ) r ∂+P that meets δ, we can find a subarc ζ ′ of ζ that contains all the
points of ζ ∩ δ but ζ ′ is disjoint from ε′. Let C ′ be the collection of all such subarcs
ζ ′. Hence |C ′| = c0(P,D, α, γ) by definition. Since each component of (α∪ γ)rN (τD)
intersects τE in at most one point, we have |(α ∪ γ) ∩ τE| ≤ |(α ∪ γ) r C ′|. As
|(α ∪ γ)r C ′| = |C ′| = c0(P,D, α, γ), we have |(α ∪ γ) ∩ τE| ≤ c0(P,D, α, γ).
So assume we are in Case (ii):
Case (ii). Consider the arc κ in the hypothesis of Case (ii). By the construction
of τD, κ ∩ ρx consists of exactly two points, see Figure 21. There are four possible
configurations for δ ∩Al as shown in Figure 21 where the dashed arcs denotes κ. Note
that these four pictures can be viewed as special situations of the four configurations
in Figure 15.
(a) (b)
(c) (d)
Figure 21. Possible configurations of ρx and κ
Let κ′ be the subarc of κ between the two points of κ ∩ ρx. By collapsing the
arc κ′ to a point, we can pinch τD to a new train track τ ′D that also fully carries δ.
Moreover, Σ r N (τ ′D) is an annulus with two cusps at each boundary curve, similar
to the configuration in Section 3.1. We now follow the argument in Section 3.1. First
we can apply the proof of Claim 3.1.2 in Section 3.1 to ΣrN (τ ′D) and conclude that
ε′∩N (τ ′D) contains at least two arcs. Since ε′ lies outside N (τD), the arcs in ε′∩N (τ ′D)
must intersect κ′. Hence κ′ ∩ ε′ contains at least two points. In particular, a subarc of
κ′ is an [ε′−, ε′+] edge. We have concluded earlier that α ∪ γ contains a [δ−, δ+] edge,
so by Lemma 1.3.7 there is no wave with respect to {δ, ε′}.
If the configuration of ρx is as shown in Figures 21(c, d), then the core curve al of
Al has an orientation compatible with the orientation of δ and the argument is the
same as in Section 3.3: Since there is no wave with respect to {δ, ε′}, by part (1)
of Proposition 2.1.8, the intersection points of δ ∩ γ all have the same sign. As in
Section 3.3, this implies that al and hence the planar surface Pl is disjoint from γ and
the disk C. Similar to Section 3.3, this means that Pl is an annulus and al ∩ α is a
single point. Thus the arc κ is the only arc in (α ∪ γ) ∩ Al. Similar to Section 3.3
and Figure 19, we can perform an isotopy in Al which fixes κ and twist Al along the
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short path, such that the cusp directions point into the rectangles Rd and Ru after the
isotopy. So this isotopy basically converts the configurations of Figure 21(c, d) to the
configurations of Figure 21(a, b). Moreover the isotopy does not affect α ∪ γ.
So assume that the configurations of ρx is as in Figure 21(a, b). The next step in
the proof is to convert the configurations in Figure 21(a, b) to the setup in Section 3.1
and apply the arguments used in that section.
Consider the train track τ ′D constructed above. The twice punctured torus N (τ ′D)
has two splitting arcs, denoted by s′j and s
′
ρ, where s
′
j is the splitting arc sj of N (τD)
which passes through both rectangles Rd and Ru and s′ρ is the short splitting arc cor-
responding to the pinching operation. In other words, N (τ ′D)r s′ρ ∼= N (τD). A crucial
ingredient in the argument in Section 3.1 (after Claim 3.1.2) is that both splitting arcs
pass through the rectangles Rd and Ru. However, for N (τ ′D) in the current setting, the
splitting arc s′ρ is too short and does not pass through the rectangles. So the next step
will be to enlarge N (τ ′D) and s′ρ so that the new s′ρ does pass through the rectangles
Rd and Ru.
In order to do that, consider the gluing map ϕ : ∂+P
u → ∂+P d which glues the two
components of ∂Σ̂ together to form Σ. In particular ϕ(Xu) = Xd. We use ϕ to study
the configuration of δ near the two sides of ∂+P .
If the configuration of ρx is as in Figure 21(a), then consider the shaded triangle
region ∆ in Figure 22 which contains Xu as a vertex. The gluing map ϕ sends a
boundary edge of ∆ to a subarc of ∂+P
d. If we view ∂+P
d in Figure 22 as the curve
∂+P in Σ, then the triangle ∆ lies on the other side of ∂+P
d, see the shaded region ∆′
in Figure 22. Since γ intersects Ru, there is a γ-arc cutting into ∆. So there is a γ-arc
cutting into ∆′ as illustrated in Figure 22. However, as shown in Figure 22, this implies
that two intersection points of δ with this γ-arc have opposite signs, contradicting part
(1) of Proposition 2.1.8. This means that the configuration in Figure 21(a) cannot
happen.
∆
∆′
γ
Figure 22. A global picture for Figure 21(a)
Suppose the configuration of ρx is as in Figure 21(b). Consider the triangular region
similar to the argument above. We have two possibilities. The first possibility is that
the shaded triangular region marked ∆ in Figure 23 plus the junction next to ∆ are
glued along ∂+P
d as illustrated in Figure 23. Figure 23 is the case that the junction
next to ∆ is glued to ∂Rd and there is an α- or a γ-arc that intersects Rd and meets
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a δ-arc on the other side of the junction, see the blue arc in Figure 23. As illustrated
in Figure 23, this means that two intersection points of δ with this α- or γ-arc have
opposite sign, contradicting part (1) of Proposition 2.1.8.
∆
α- or γ-arc
Figure 23. The first possible global picture for Figure 21(b)
The second possibility is that there is no such α- or γ-arc. Then after an isotopy
(fixing α∪γ) if necessary, we may assume that, as illustrated in Figure 24, the triangular
region ∆ is glued to ∂+P
d and covers an entire boundary edge of Rd. Now we consider
N (τ ′D) and the splitting arc s′ρ described earlier. Similar to the argument on N (τD) in
the previous sections, if an α- or a γ-arc in ΣrN (τ ′D) is a ∂-parallel arc that cuts off a
neighborhood of a cusp, then we can enlarge N (τ ′D) to include this neighborhood of the
cusp and extend the corresponding splitting arc s′j or s
′
ρ. As the δ-edge of ∂∆ is parallel
to ∂+P and since ∆ is glued to cover a whole edge of ∂Rd, we can enlarge N (τ ′D) to
contain ∆, and in particular, contain this boundary edge of ∂Rd. Let N (τ ′D)+ be the
surface obtained by enlarging N (τ ′D) as above. As illustrated in Figure 24, the splitting
arc s′ρ can be extended to pass through the rectangle Rd. This picture is symmetric
under pi, so we can enlarge N (τ ′D) and extend the splitting arc s′ρ in the other direction
to pass through Ru as well. As in Section 3.1, ΣrN (τ ′D)+ is still an annulus with two
cusps at each boundary component.
Now the configuration becomes the same as Section 3.1. In particular, both splitting
arcs s′j and s
′
ρ pass through the two rectangles Rd and Ru. Thus we have all the
ingredients needed for the argument in Section 3.1 which can be applied to conclude
that K is doubly primitive. This finishes the proof of Claim 3.4.3.

Claim 3.4.4. The train track τE cannot be a circle.
Proof of Claim 3.4.4. Suppose to the contrary that τE is a circle. So τE = ε
′ and
each arc of (α ∪ γ) ∩ T intersects ε′ in at most one point. By Claim 3.4.3, we have
| (α ∪ γ) ∩ ε′ | ≤ c0(P,D, α, γ).
Let Pε be as in Claim 3.4.2 and E
′ the disk in W bounded by ε′. So (Pε, E ′) is a
(P ,D)-pair. By the definiton of the complexity, c0(Pε, E ′, α, γ) ≤ | (α∪γ)∩ ε′ |. Hence
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∆ s′ρ
Figure 24. The second possible global picture for Figure 21(b)
c0(Pε, E
′, α, γ) ≤ c0(P,D, α, γ). Moreover, Lemma 2.1.3 implies that | (α ∪ γ) ∩ τD | <
| (α ∪ γ) ∩ δ |. By the construction of τE, we have | (α ∪ γ) ∩ τE | ≤ | (α ∪ γ) ∩ τD |. As
τE = ε
′, we have | (α∪ γ)∩ ε′ | < | (α∪ γ)∩ δ |. Thus c(Pε, E ′, α, γ) < c(P,D, α, γ) and
this contradicts Assumption 1.2.3. 
Claim 3.4.4 means that there is an arc of (α∪ γ)∩ T that intersects ε′ in more than
one point in T . Hence there is an [ε′−, ε′+] blocking edge. We have concluded earlier
thatas the splitting arc sj of τD passes through both rectangles, γ contains two subarcs
in Rd and Ru that are [δ−, δ+] blocking edges, so by part (1) of Lemma 1.3.7, the
Heegaard diagram has no wave with respect to {δ, ε′}. By Theorems 1.3.5 and 1.3.6,
there must be a wave with respect to {α, γ}. By Lemma 2.1.4, there is no wave with
respect to α. Therefore there must be a wave with respect to γ.
By part (1) of Proposition 2.1.8, we may assign orientations to α and γ so that the
intersection points of δ with α ∪ γ all have the same sign.
Claim 3.4.5. The two subarcs of α∪ γ next to a cusp of τD, as shown in Figure 8(b),
must belong to different curves of {α, γ}.
Proof of Claim 3.4.5. Since the intersection points of δ with α ∪ γ all have the same
sign, the direction of these two arcs next to a cusp must be as shown in Figure 8(b).
Suppose the claim is false and the two arcs belong to the same curve, either α or γ.
Then the dashed arc in Figure 8(b) must be a wave with respect to this curve. Denote
this wave by η. By Lemma 2.1.4, there cannot be a wave with respect to α, so these
two arcs must both belong to γ.
Recall that α∪ γ contains subarcs that are [δ−, δ+] and [ε′−, ε′+] blocking edges, and
these blocking edges are contained in N (τD) and N (τE) respectively. We can isotope
η to be outside N (τD) and N (τE), so ∂η is outside these blocking edges. Moreover,
the wave η can be chosen to be along the boundary of N (τD), which implies that η
intersects ∂+P in at most one point. This contradicts Lemma 2.2.4. 
Claim 3.4.6. No subarc of ε′ is a wave with respect to {α, γ}. The surface Σ r (δ ∪
ε′∪α∪γ) consists of 2 octagons and a collection of quadrilaterals. A wave with respect
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to {α, γ} must connect a [δ−, δ+] edge to an [ε′−, ε′+] edge, (see the dashed arc in
Figure 8(c)).
Proof of Claim 3.4.6. We first consider the Whitehead graph Γ(δ, ε′). Since there are
[δ−, δ+] and [ε′−, ε′+] edges, the graph Γ(δ, ε′) must be of type (i) in Figure 2 with c 6= 0
and d 6= 0. If both a and b are zero, then M is a connected sum of two lens spaces,
none of which is S1 × S2. Moreover, since γ intersects both Rd and Ru, the Heegaard
diagram is not a Heegaard diagram of S3. So we have a contradiction to the hypothesis
on M . Thus a and b cannot both be zero.
Next we show that a and b cannot both be nonzero: Suppose on the contrary that
both a and b are nonzero. As can be seen in Figure 2(i), this implies that Σr (δ ∪ ε′ ∪
α ∪ γ) consists of four hexagons and a collection of quadrilaterals. Now consider the
other Whitehead graph Γ(α, γ). Since there must be a wave with respect to γ and since
Σr (δ ∪ ε′ ∪α∪ γ) consists of four hexagons and a collection of quadrilaterals, Γ(α, γ)
must be of type (iii) in Figure 2 with a, b, c and d all nonzero. In particular a subarc
of δ ∪ ε′ is a wave and this subarc is also an edge of a hexagon in Σr (δ ∪ ε′ ∪ α ∪ γ).
By Corollary 2.1.7, no subarc of δ is a wave. Thus a subarc η of ε′ ⊂ T is a wave with
respect to γ.
As ε′ is a curve in the once-punctured torus T , the intersection points of each com-
ponent of γ ∩ T with ε′ all have the same sign. So the two endpoints of the wave η
(η ⊂ ε′) must belong to different components of γ ∩ T , which we denote by γ1 and γ2.
If γ1 and γ2 are of different homotopy type in the once-punctured torus T , then the
wave η can be isotoped to be parallel to a subarc of ∂T . Since the intersection points
of δ ∩ (γ ∪ α) all have the same sign, η must be parallel to an arc in a cusp of τD, see
the dashed arc in Figure 8(b), which contradicts Claim 3.4.5.
So γ1 and γ2 are of the same homotopy type in T . Note that the hyperelliptic involu-
tion interchanges the two cusps of τD and is (up to conjugation by a homeomorphism)
a 180◦-rotation along ∂T . Moreover the involution leaves the homotopy class of each
arc in T unchanged. Let κ1 and κ2 be the components of α∩T and γ∩T containing the
two arcs next to a cusp of τD (see the two arcs in see Figure 8(b) and Claim 3.4.5). By
Claim 3.4.5, κ1 and κ2 belong to different curves in {α, γ}, and thus {γ1, γ2} cannot be
{κ1, κ2}. As γ1 and γ2 are in the same homotopy class, and δ is parallel to ∂T except
at the two cusps, γ1∪γ2 and two subarcs of δ bound a quadrilateral disks, which means
a subarc of δ connects γ1 to γ2 and is a wave, contradicting Corollary 2.1.7. Therefore
no subarc of ε′ is a wave with respect to {α, γ}, and a and b cannot both be nonzero.
Thus, exactly one of a and b is nonzero, which implies that Σr(δ∪ε′∪α∪γ) consists
of 2 octagons and a collection of quadrilaterals. Again by Claim 3.4.5, the two arcs
next to a cusp of τD belong to different curves of {α, γ}. Note that the two arcs next
to a cusp belong to a pair of opposite edges of an octagon. Moreover, the other pair of
opposite edges of the octagon that belong to α∪ γ are a [δ−, δ+] edge and an [ε′−, ε′+].
Since no subarc of δ and ε′ can be wave, the wave η must connect a [δ−, δ+] edge to an
[ε′−, ε′+] in an octagon as claimed. Figure 8(c) is a picture of such an octagon where
the dashed arc is the wave η. 
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Remark 3.4.7. Let η be the wave as in Figure 8(c). By Lemma 2.1.4, the wave η must
be with respect to γ. As in Definition 1.3.3 and similar to the argument in Section 3.1,
a wave move along η can be done in two steps. The first step is to perform a surgery:
connect the endpoints of γrN (∂η) using two parallel copies of η. It can be seen from
the configuration of Figure 8(c) that the resulting two curves do not form any bigon
with δ and ε′. One of the resulting curves, which we denote by α0, is parallel to α, and
the other resulting curve, which we denote by γ′, is the final curve in the wave move.
The configuration of Figure 8(c) implies that the intersection of α0 (resp. γ
′) with this
octagon is an arc parallel to the edge marked α (resp. γ) in Figure 8(c). The curve
α0 is removed in the second step of the wave move. Thus after the wave move, the
two subarcs of α ∪ γ′ next to a cusp of τD belong to different curves in {α, γ′}, similar
to Claim 3.4.5. So if {α, γ′} contains both [δ−, δ+] and [ε′−, ε′+] edges, then the next
wave with respect to {α, γ′} must be as depicted in Figure 8(c) as well.
To simplify notation, we use {α′, γ′} to denote the set of meridional curves of V
obtained by any sequence of wave moves with respect to V̂ . Claim 3.4.6 and Re-
mark 3.4.7 imply that we can continue the wave moves with respect to V̂ = {α′, γ′}
until the Whitehead graph Γ(δ, ε′) contains no more [δ−, δ+] edges or [ε′−, ε′+] edges.
By Remark 3.4.7, we can perform a sequence of wave moves η1, . . . , ηk along waves as
shown in Figure 8(c) such that after the last wave move ηk either (a) Γ(δ, ε
′) contains
no more [ε′−, ε′+] edges, or (b) Γ(δ, ε′) contains no more [δ−, δ+] edges. Note that before
the last wave wave move ηk, the Whitehead graph Γ(δ, ε
′) contains both [δ−, δ+] and
[ε′−, ε′+] edges.
We have the following three cases:
Case (1): The Whitehead graph Γ(δ, ε′) contains no more [ε′−, ε′+] edges after the last
wave move ηk, and the weight of ε
′ at each segment of τE is at least two.
Recall that the existence of [δ−, δ+] and [ε′−, ε′+] edges means that there is no wave
with respect to {δ, ε′}. We will show that either the knot K is doubly primitive and
our main theorem holds, or ε′ contains both [α′−, α′+] and [γ′−, γ′+] edges before the
last wave move ηk, which means the there is no wave with respect to {α′, γ′} either,
contradicting Theorems 1.3.5 and 1.3.6.
By Claim 3.4.6, no subarc of ε′ is a wave. Hence by part (1) of Proposition 2.1.8, we
may assign an orientation to α and γ which is compatible with a normal orientation
of τE. By Claim 3.4.4, τE is a train track as shown in Figure 8(a), and τE consists of
three segments: an x-arc and two y-arcs. Recall that τE is constructed so that each
arc of (α ∪ γ) ∩ T intersects τE in at most one point.
Since the hyperelliptic involution pi leaves ε′, α and γ invariant up to isotopy, we may
assume that pi leaves τE invariant. So pi interchanges the two cusp of τE. Hence for each
segment κ of τE, the involution pi leaves κ invariant and interchanges the two endpoints
of κ. This implies that the intersection points of (α ∪ γ) ∩ κ that are outermost in
κ belong to the same curve in {α, γ}. If α ∪ γ intersects only one segment κ of τE,
then by considering the region of Σr (N (τD) ∪ N (τE)) corresponding to the octagon
of Figure 8(c), we see that the two subarcs of α∪ γ next to a cusp of τE belong to arcs
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that are outermost along κ. Since the intersection points of (α∪ γ)∩ κ outermost in κ
belong to the same curve in {α, γ}, the two vertical edges of the octagon in Figure 8(c)
next to the cusps of τD and τE must belong to the same curve of {α, γ}, contradicting
Claim 3.4.5. Thus α ∪ γ must intersect at least two segments of τE.
If {α ∪ γ} does not intersect the x-arc of τE, then we perform a splitting on τE as
shown in Figure 25. This splitting changes a y-arc of τE into the x-arc of the resulting
train track, and creates a new y-arc that does not intersect α ∪ γ. We call a y-arc of
the train track a pure y-arc if it either does not intersect α ∪ γ or intersects only one
of the curves in {α, γ}. So the new y-arc after this splitting is a pure y-arc.
splitting
new y-arc
Figure 25. Splitting the train track
Now we perform the sequence of wave moves η1, . . . , ηk described above. As indicated
in Figure 8(c) and Remark 3.4.7, each wave move basically “pushes” an arc out of a
cusp of τE. Hence after each wave move, the number of intersection points of the x-arc
with α′∪γ′ decreases by at least one. Moreover, since originally each arc of (α∪γ)∩T
intersects τE in at most one point, the configuration of Figure 8(c) implies that after
each wave move, each arc of (α′ ∪ γ′) ∩ T intersects the traintrack also in at most one
point. So we can perform a number of wave moves until the x-arc no longer intersects
α′∪ γ′. Note that Remark 3.4.7 says that the two arcs next to a cusp of τE remain one
α′-arc and one γ′-arc.
Suppose a y-arc κ of τE is a pure y-arc and meets only one curve in {α′, γ′}, say α′,
before a wave move. Then as in the argument in Remark 3.4.7, the surgery-step of the
wave move (see Definition 1.3.3) “pushes” an arc out of the cusp creating a pair of arcs
parallel to the α′- and γ′-edges inside the octagon in Figure 8(c). If the wave move is
with respect to γ′, then the surgery-step of the wave move “splits” γ′ into two curves
γ1 and γ2. One of γ1 and γ2 is parallel to α
′ (see Definition 1.3.3). The surgery-step
of the wave move creates a pair of arcs in the octagon parallel to the α′- and γ′-edges
of the octagon in Figure 8(c). Without loss of generlity, suppose the arc parallel to
the γ′-edge (resp. α′-edge) belongs to γ1 (resp. γ2). Recall that in the construction
of wave move, γ′ ∪ γ1 ∪ γ2 bounds a pair of pants and α′ is next to one of γ1 and γ2.
As the γ1-arc is next to the γ
′-edge, γ1 cannot be the curve parallel to α′. So γ2 is
parallel to α′ and is deleted in the second step of the wave move. This means that the
pure y-arc κ only meets α′-arcs after the wave move with respect to γ′. Similarly, if
the wave move is with respect to α′, then κ meets only α′-arcs after the surgery-step
of the wave move and hence meets only α′-arcs after the second step of the wave move
as well. Therefore, if a y-arc meets only one curve α′ or γ′ before the wave move, then
it meets only this (possibly new) α′ or γ′ curve after a wave move.
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Suppose a y-arc κ of τE does not intersect α
′∪γ′ before a wave move with respect to
γ′ (e.g. κ is a pure y-arc after a splitting as in Figure 25). Then similar to the argument
above, the surgery-step of the wave move “pushes” an arc out of the cusp and “splits”
γ′ into two curves γ1 and γ2. One of the resulting curves, say γ1, meets this y-arc κ in
exactly one point. Note that γ1 cannot be the curve parallel to α
′ because this y-arc κ
does not meet α′ and two parallel curves must have the same sequence of intersection
points with δ and ε′ (since there is no bigon intersection by Remark 3.4.7). So γ2 is
the curve parallel to α′ and is removed in the second step of the wave move. Thus, if
a y-arc κ of τE does not intersect α
′ ∪ γ′ before a wave move, κ intersects the new pair
of curves α′ ∪ γ′ after the wave move in exactly one point.
The arguments above imply that if a y-arc κ is a pure y-arc before a wave move, it
remains a pure y-arc after the wave move.
If the x-arc of the train track, after some wave moves, no longer intersects α′ ∪ γ′,
we split the train track as in Figure 25 and get a new x-arc and a new pure y-arc.
Note that when performing the operations of wave moves and splitting, α′ ∪ γ′ always
intersects at least two segments of the train track. Furthermore, since the splitting is
along an x-arc which does not intersect α′ ∪ γ′, at any stage of performing the wave
moves and splittings, each arc of (α′ ∪ γ′)∩ T intersects the train track in at most one
point.
We proceed with the sequence of wave moves and split the train track τE whenever
the x-arc does not intersect α′ ∪ γ′. Since the weight of ε′ at each segment of original
train track τE is at least two, after a number of such operations, both y-arcs become
pure y-arcs and ε′ has weight one at each y-arc. So the weight of ε′ at the x-arc is two.
Let y0 and y1 be the two y-arcs, such that y0 is the pure y-arc right after the splitting
in Figure 25 and y1 is the other y-arc which is a pure y-arc from a previous splitting.
So y0 does not intersect α
′ ∪ γ′. Since α′ ∪ γ′ always intersects at least two segments
of the train track, both y1 and the x-arc intersect α
′ ∪ γ′. As y1 is a pure y-arc, all the
points of y1 ∩ (α′ ∪ γ′) belong to the same curve. Without loss of generality, suppose
y1 ∩ (α′ ∪ γ′) ⊂ α′.
Since the x-arc intersects α′ ∪ γ′ and since the weight of ε′ at the x-arc is two, a
subarc of α′∪γ′ is an [ε′−, ε′+] edge. This means that we have not finished the sequence
of wave moves η1, . . . , ηk.
Suppose the next wave move is ηm (m ≤ k). Since y0 does not intersect α′ ∪ γ′
and by the argument above, after the wave move ηm, the y-arc y0 intersects α
′ ∪ γ′ in
exactly one point. As we have assumed y1 ∩ (α′ ∪ γ′) ⊂ α′, y0 ∩ (α′ ∪ γ′) is a point in
γ′ after the wave move ηm.
If the x-arc no longer intersects α′ ∪ γ′ after the wave move ηm, i.e. m = k, then
since y1 only intersects α
′ and since the weight of ε′ at y0 is one, γ′ ∩ ε′ = γ′ ∩ y0 is
a single point after the wave move. This means that ε′ and γ′ are boundary curves of
a stabilizing pair of disks for Σ in M (when viewing Σ as a Heegaard surface of M).
By Claim 3.4.2, ε′ and ∂+Pε are boundary curves of a stabilizing pair for Σ in the lens
space after Dehn surgery on K. So if we compress Σ along the disk in W bounded by
ε′, the resulting torus is a Heegaard torus for both M and the lens space after Dehn
surgery. This means that K is contained in a solid torus in M and after Dehn surgery,
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this solid torus remains a solid torus in the lens space. Such knots K are classified by
Berge [7] and Gabai [14] and all are doubly primitive.
Therefore, we may assume that, after the ηm wave move, the x-arc still intersects
α′ ∪ γ′. At this point the situation is that (1) both y0 and y1 are pure y-arcs with
weight one, (2) both y0 and y1 intersect α
′ ∪ γ′ and (3) the x-arc still intersects α′ ∪ γ′.
If the x-arc intersects α′ ∪ γ′ in more than one point, then as the surgery-step of the
wave move “pushes” only one arc “out of” the x-arc, the x-arc still intersects the
resulting curves after the surgery-step. Recall that each component of (α′ ∪ γ′) r τD
intersects τE in at most one point. Hence two parallel curves have the same sequence
of intersection points with τE. So the second step of the wave move (which deletes a
parallel copy of α′ or γ′) cannot remove all the remaining intersection points of this
x-arc with α′ ∪ γ′. Thus, if the x-arc intersects α′ ∪ γ′ in more than one point, then
this x-arc still intersects α′ ∪ γ′ after one additional wave move.
Therefore we can continue the sequence of wave moves until the x-arc intersects
α′ ∪ γ′ in a single point, i.e., right before the last wave move ηk. As in the earlier
discussion, we have ∅ 6= y1 ∩ (α′ ∪ γ′) ⊂ α′ and ∅ 6= y0 ∩ (α′ ∪ γ′) ⊂ γ′. Without loss
of generality, suppose the intersection point of the x-arc with α′ ∪ γ′ belongs to γ′. So
there is a subarc of ε′ connecting a γ′-arc that intersect y0 to the γ′-arc that intersects
the x-arc. As orientation of α′∪γ′ is compatible with a normal orientation of the train
track, this subarc of ε′ is a [γ′−, γ′+] edge.
If |y1∩(α′∪γ′)| ≥ 2, then a subarc of y1 between two points of y1∩(α′∪γ′) corresponds
to a subarc of ε′ which is an [α′−, α′+] edge. By part (1) of Proposition 1.3.7, there is
no wave with respect to {α′, γ′}. Moreover, since we are at the stage right before the
last wave move ηk, there are still [δ
−, δ+] and [ε′−, ε′+] blocking edges. So by part (1)
of Proposition 1.3.7, there is no wave with respect to {δ, ε′} either. This contradicts
Theorems 1.3.5 and 1.3.6.
If |y1 ∩ (α′ ∪ γ′)| = 1, then since the weight of ε′ at y1 is one, α′ intersects ε′ in just
one point. Hence ε′ and α′ are boundary curves of disks which are a stabilizing pair for
Σ in M (when viewing Σ as a Heegaard surface of M). As before, since ε′ and ∂+Pε
are boundary curves of a stabilizing pair of disks for Σ in the lens space after Dehn
surgery, as in the argument above, this implies that K is a Berge-Gabai knot in a solid
torus and hence is doubly primitive, see [7] and [14]. This finishes the proof of Case
(1).
In the argument above, the only reason that we need the weight of ε′ at each segment
of τE to be at least two is to be able to reach the configuration (through splitting) that
both y-arcs are pure y-arcs. The proof in Case (1) also works on a train track if each
y-arc of weight one in the train track is a pure y-arc. Moreover, the proof of Case
(1) does not use the complexity c(P,D, α, γ) at all. The discussion only involves the
configuration of the train track τE. In particular, the other train track τD is unchanged
and P plays no role in this argument.
Before we proceed, we would like to point out that the proof for Cases (2) and (3)
below only need the first term of the complexity c0(P,D, α, γ). In the arguments below,
we only assume that the train tracks τD and τE are as in Figure 8(a), and c0(P,D, α, γ)
is minimal among all such (P ,D)-pairs.
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Case (2): The Whitehead graph Γ(δ, ε′) contains no [δ−, δ+] edges after the last wave
move ηk.
The difference between this case and Case (1) is due to the configuration of τD.
Recall that the train track τD consists of a circle in Σ̂ and an arc ρx that contains the
point X = δ ∩ ∂+P . By construction, the weight of δ at the segment ρx is one, and
this is the main difference between τD and τE in this case.
By Claim 3.4.5, the subarcs of α ∪ γ next to a cusp of τD are an α-arc and a γ-
arc. We may assume τD is invariant under the hyperelliptic involution pi. Similar to
the discussion on τE in Case (1), the outermost intersection points of α ∪ γ with any
segment of τD belong to the same curve α or γ. As in Case (1), this implies that α∪ γ
intersects at least two segments of the train track τD. Moreover, if the two y-arcs of
τD are either pure y-arcs or have weight at least two, then as explained above, the
argument in Case (1) on τE and ε
′ can be applied to τD and δ (i.e., we switch the roles
of τD and τE and perform splittings on τD as in Case (1)), and the proof is the same.
More generally, if no component of (α ∪ γ) r τE intersects δ in a single point, then
similar to the construction of τE, we can construct a new train track τ
′
D in ΣrN (τE)
by pinching δ along α- and γ-arcs in Σ r N (τE). In particular, each α- and γ-arc in
ΣrN (τE) intersects the new train track τ ′D in at most one point. By Lemma 2.1.3, τ ′D
is not a circle and we may assume τ ′D is as shown in Figure 8(a). Thus, for each segment
ρ of τ ′D, either the weight of δ at ρ is at least two, or ρ ∩ (α ∪ γ) = ∅ which means
that ρ is a pure y-arc. Thus Case (2) follows from the same argument in Case (1),
after replacing τE in Case (1) with τ
′
D (in this case we perform splitting on τ
′
D instead).
Therefore, we may assume that there is a component of (α ∪ γ)r τE intersecting δ in
exactly one point.
To continue, we first discuss different possible locations of Xu and Xd and possible
configurations of δ ∩ Al. Recall that we are assuming throughout that Xu and Xd
are symmetric under the hyperelliptic involution pi and are located in either ∂Al or
∂Rd ∪ ∂Ru. Let κd (resp. κu) be the vertical arc of Al or Rd (resp. Ru) that contains
Xd (resp. Xu). So pi interchanges κd and κu.
First consider the case that κu (and hence κd) intersects δ-arcs that are not carried by
ρx. Then the picture of a neighborhood of κ
u ∪κd in Σ̂ is as illustrated in Figure 26(a)
(the dashed line segments are κu and κd). In this configuration, every vertical arc of
Σ̂ that meets ρx must also intersect another δ-arc carried by τD r ρx. Let yD the y-arc
of τD other than ρx. We have two possibilities: Either the weight of δ at yD is at
least two, or the weight of δ at yD is one. If the weight of δ at yD is at least two,
since every vertical arc of Σ̂ that meets ρx also intersects another δ-arc, this means
that every component of (α ∪ γ) r τE that meets δ must intersects δ in at least two
points, contradicting our assumption above. So we may assume that the weight of δ
at yD is one. Since the weight of δ at ρx is one, the weight of δ at the x-arc must be
two. By Lemma 2.1.3, this implies that Xd and Xu cannot be located in ∂Rd and
∂Ru, and hence the only possible configuration is as in Figure 26(b) or (c) (ignore the
dashed arc and shaded regions for now). If Figure 26(b) occurs, then the core curve
al of the annulus Al intersects δ in one point and hence (Pl, D) forms a (P ,D)-pair.
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As in the earlier argument, we may isotope ∂+Pl to the upper boundary component
of Al. After this isotopy, any intersection point of α ∪ γ with ∂+Pl is an intersection
point with ∂+P . Therefore, any segment of (α ∪ γ) r ∂+Pl is composed of a nonzero
number of segments of α ∪ γ in Σ̂. Moreover, since γ intersect Rd and Ru, we have
c0(Pl, D, α, γ) < c0(P,D, α, γ) which contradicts our minimality assumption. Thus
Figure 26(c) is the only possible configuration if κu (and hence κd) intersects τD r ρx.
To better understand the configuration in Figure 26(c), we consider the gluing map
ϕ : ∂+P
u → ∂+P d. Since there is a component of (α∪γ)r τE intersecting δ in just one
point, this component must pass through the region between the two shaded parts in
Figure 26(c) and does not meet other parts of δ on both sides before it meets ε′. This
implies that ϕ must map the portion between the two shaded regions in Figure 26(c)
to a subarc of ∂+P
d that contains a boundary edge of the junction J ul in the picture
(the dashed arcs are the picture of δ on the other side of ∂+P in Σ). Thus we may
view the two cusps of τD as being next to the two junctions J ul and J dl . Furthermore,
the α- or γ-arc between the two shaded regions extends to another cocore arc in Al
which does not intersect δ, see the green vertical arcs in Figure 26(c) for a picture of
such an α- or a γ-arc.
Note that if α ∪ γ does not intersect the shaded region in Figure 26(c), then similar
to the isotopy in Figure 16, we can perform an isotopy (or equivalently change the
product structure of Al) near the shaded regions which changes the configuration of
Figure 26(c) to a configuration of Figure 15(b), and the isotopy does not affect α ∪ γ.
(a) (b) (c)
Figure 26. The possible case that κd and κu intersect other δ-arcs
Now consider the case that both κu and κd do not intersect τD r ρx. In this case,
κu ∪ κd must be contained in Al and there are four possible configurations of δ in Al
as illustrated in Figure 15 (ignore the shaded regions and the dashed arcs). These
configurations depend on the locations of Xd and Xu and the directions of the cusps
(which are symmetric under pi). As before, the difference between Figures 15(a, b) and
Figures 15(c, d) is that the cusps of N (τD) in Figures 15(a, b) point to the rectangles
Rd and Ru while in Figures 15(c, d) the cusps point into segments of τD contained in
Al.
If α ∪ γ does not intersect the shaded regions in Figure 15(c, d), then we may
perform an isotopy on Al, or equivalently, change the product structure of Al as shown
in Figure 16. The isotopy does not affect α ∪ γ. Moreover, the new train track τD
obtained using the new product structure after this isotopy has cusps pointing into Rd
and Ru, similar to the configurations of Figure 15(a, b).
Therefore, by the discussions above, we may assume that Figure 15 and Figure 26(c)
are the only possible configurations for δ ∩ Al. Moreover, if the configuration is as in
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Figures 15(c) or (d) or Figure 26(c), we may assume that α ∪ γ intersects the shaded
regions in the respective figures.
Furthermore, if δ∩Al has the configuration of Figure 15(a), the weight of δ at the y-
arc yD (yD 6= ρx) must be at least two, because if the weight is one, then the core curve
al of Al intersects δ in one point and, as in the argument above, (Pl, D) is a (P ,D)-
pair with c0(Pl, D, α, γ) < c0(P,D, α, γ), contradicting our minimality assumption on
complexity. Since we have assumed earlier that there is a component of (α ∪ γ) r τE
intersecting δ in one point, α∪ γ must intersect ρx, see the dashed arc in Figure 15(a).
Similarly for configurations of Figure 15(c, d), α∪γ must intersect ρx, see the dashed arc
in Figure 15(c, d). If the configuration of δ∩Al is as in Figure 26(c), we have concluded
earlier that there is an α- or a γ-arc that intersects Al as shown in Figure 26(c).
Next we fix an orientation for ∂+P . After (perhaps) some isotopies of ε
′ in T , we
may assume that ε′ intersects the arc ∂+P ∩ T minimally.
The proof for Case (2) uses the structure of the rectangle-annulus decomposition of
Σ̂ in addition to the train track structure of τD and τE. We first show that after any
wave move we can perform a simple isotopy so that the resulting curve still intersects
Σ̂ in a collection of cocore arcs with respect to the rectangle-annulus decomposition.
Moreover, we keep track of how such cocore arcs change after a wave move.
Let η denote the first wave with respect to {α, γ}. Without loss of generality, suppose
η is a wave with respect to γ. As in earlier discussions, η is an arc in an octagon formed
by α, γ, δ and ε′, see the dashed arc in Figure 8(c). The two ends of η are in the cusps
of N (τD) and N (τE). As ∂+P ∩ T intersects α, γ and ε′ minimally, after isotopy we
may assume that subarcs of ∂+P ∩ T and η do not form any bigon. Let ZD and ZE be
the two endpoints of η at the cusps of N (τD) and N (τE) respectively, as depicted in
Figure 27(c). The intersection points of ∂+P ∩ η divide η into a collection of subarcs.
The dashed arc in Figure 27(a) is a picture of a subarc of η that contains ZD. Recall
that γ intersects both rectangles Rd and Ru. As the interior of η is disjoint from γ,
each such subarc of η between two points of ∂+P ∩η is isotopic to a properly embedded
arc in Al or Ar. Since ∂+P and η do not form any bigon, we may view each subarc of
η between two points of ∂+P ∩ η as a cocore arc of Al or Ar.
(a) (b) (c)
δ
δ
δ
ε′
η
η η
α γ
∂+P ∂+P ∂+P
ZD ZD ZD
ZE
X
Figure 27. Hexagon or pentagon region near ZD
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We first study how ∂+P intersects the octagon of Figure 8(c) which contains the wave
η. Recall that we have concluded that Figure 15 and Figure 26(c) are the only possible
configurations for δ ∩ Al. If the configuration of δ ∩ Al is as in Figure 15, then the
two cusps of τD are contained in the two junctions J dl and J ul . If the configuration of
δ∩Al is as in Figure 26(c), then we have concluded earlier that the cusps of N (τD) are
also formed at the junctions J dl and J ul (the dashed δ-arcs in Figure 26(c) illustrates
how a cusp is formed).
By our earlier assumptions and conclusions, α ∪ γ intersects Rd and Ru, and if the
configuration is Figure 15(c, d) or Figure 26(c), α ∪ γ intersects the shaded regions in
the respective figures. Thus, the conclusions earlier on the α- or γ-arcs (see the the
green cocore arcs in Figure 15 and Figure 26(c)) imply that the component of ηr∂+P
that contains ZD is contained in either a hexagon or a pentagon region near the cusp
of N (τD), see the shaded regions in Figure 27(a, b). Note that such a hexagon or
pentagon is bounded by an arc in ∂+P , an γ-arc containing ZD, the two δ-arcs forming
the cusp and one or two arcs of α ∪ γ next to the cusp. Moreover, if the configuration
is a pentagon, then the point X = δ ∩ ∂+P is a vertex of the pentagon. As η is
contained in the octagon of Figure 8(c), after some isotopy on ε′, we may assume that
the hexagon or pentagon depicted in Figure 27(a, b) is a region in the octagon, as in
Figure 27(c).
Now consider the curve γ′ resulting from the wave move along η. We may view γ′ as
the union of η and a component of γr∂η. We need to figure out how γ′ intersects ∂+P
and Σ̂. The picture of the wave move near ZD is clear: If δ ∩Al has the configuration
of Figure 15(a) or (b), then during the wave move we “push” an arc of γ ∩ Rd (or
γ ∩Ru) out of the cusp along η and the wave move changes this cocore arc of γ ∩Rd
(or γ∩Ru) into one of the two cocore arcs of Al next to the junction (see the blue arcs
in Figure 27(a)). If δ ∩Al has the configuration of Figure 15(c) or (d) or Figure 26(c),
since we have assumed that α∪γ intersects the shaded regions in the respective figures,
the wave move changes a cocore arc of γ ∩Al in the shaded region into either a cocore
arc of Al or a cocore arc of a rectangle Rd (or Ru).
However, γ′ may not intersect ∂+P minimally without an isotopy. For example, if
subarcs of γ, η and ∂+P form a triangle, see the shaded region in Figure 28(a), the
triangle becomes a bigon formed by subarcs of γ′ and ∂+P after the wave move. Thus
we study all the possible bigons formed by γ′ and ∂+P .
Since γ and η do not form a bigon with ∂+P , a bigon formed by subarcs of γ
′ and
∂+P must come from either:
(1) A triangle formed by subarcs of γ, η and ∂+P with a vertex of the triangle at
ZE, see the shaded region in Figure 28(a), or
(2) A similar triangle with a vertex at ZD, see the shaded region in Figure 28(c),
or
(3) A quadrilateral formed by all of η, a subarc of ∂+P and two subarcs of γ, see
the shaded region in Figure 28(b).
We first show that possibilities (2) and (3) cannot happen. By the discussion above,
ZD is contained in a hexagon or pentagon region as in Figure 27(a, b). If possibility
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∂+P
∂+P
∂+P
ZD
ZE
Figure 28. Possible bigons formed by γ′ and ∂+P
(2) happens, then since the γ-arc that contains ZD is a cocore arc and since the δ-cusp
is at a junction, then as shown in Figure 28(c), a boundary edge of the junction is a
subarc of ∂+P that “cuts” into this triangle and forms a bigon with the γ-edge of the
triangle. This contradicts that γ intersects ∂+P minimally. If possibility (3) happens,
then as shown in Figure 28(b), the side of the octagon that belongs to γ extends on
both sides to an arc in the quadrilateral and forms a bigon with a subarc of ∂+P , a
contradiction as before.
The discussion above means that all the bigons between γ′ and ∂+P have the con-
figuration as in Figure 28(a) and hence such bigons form a nested sequence. So we can
perform an isotopy by pushing γ′ across the largest bigon so that, after the isotopy, γ′
intersects ∂+P minimally.
Next we study how an arc of γ∩Σ̂, as in possibility (1) above, is changed by the wave
move and isotopy. We view the bigon (before the isotopy) as the triangle in possibility
(1). Let ∆ be the largest such triangle. So the isotopy replaces the two edges of ∆
incident to the vertex ZE with the third edge which we denote by p. Let pγ and pη
be the two subarcs of γ and η, respectively, that are properly embedded in Σ̂ and are
incident to ∂p, outside ∆. After a small perturbation, pγ ∪ p ∪ pη is an arc properly
embedded in Σ̂, see the blue thickened arcs in Figure 28(a) for a picture of pγ ∪ p∪ pη.
If pγ ∪ p ∪ pη is a ∂-parallel arc in Σ̂, then the subarc of ∂+P that is isotopic (fixing
the endpoints) to pγ ∪ p ∪ pη forms a larger triangle with subarcs of η and γ, and this
triangle contains ∆. This contradicts that ∆ is the largest such triangle. Thus after a
small perturbation, pγ ∪ p ∪ pη is a nontrivial arc in Σ̂.
Next we show that int(p)∩ (α∪ γ) = ∅. If int(p)∩ (α∪ γ) 6= ∅, then ∆∩ (α∪ γ) has
an arc with both endpoints in p (since int(η) ∩ (α ∪ γ) = ∅), which means that there
is a bigon formed by α ∪ γ and ∂+P (see the shaded region in Figure 29), which is a
contradiction. So we have int(p) ∩ (α ∪ γ) = ∅.
Now we consider the possible pictures of pγ ∪ p ∪ pη in Σ̂. By the earlier conclusion
on η ∩ ∂+P , pη is a cocore arc in Al or Ar. Moreover pη ∩ δ = ∅ since η ∩ δ = ∅.
Since the arc p connects pγ to pη, if pγ and pη are contained in different annuli Al and
Ar, then p must contain a boundary edge of Rd or Ru. However, since α∪ γ intersects
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Figure 29. int(p) ∩ (α ∪ γ)
both rectangles Rd and Ru, this means that int(p) ∩ (α ∪ γ) 6= ∅, contradicting the
conclusion on int(p) above. Thus pγ and pη cannot be contained in different annuli Al
and Ar. This implies that pγ ∪p∪pη is in either Σ̂rAl or in Σ̂rAr. Note that Σ̂rAl
and Σ̂rAr are topological annuli. Recall that pγ ∪ p ∪ pη is not ∂-parallel in Σ̂. This
implies that if pγ ∪ p ∪ pη is isotopic to a ∂-parallel arc in Σ̂ r Al or Σ̂ r Ar, then it
is isotopic to a cocore arc of Rd or Ru. If pγ ∪ p ∪ pη is isotopic to an essential arc of
Σ̂rAl or Σ̂rAr, then it is isotopic to an essential arc of Al or Ar. Moreover, since pη
is a vertical arc in Al or Ar with pη ∩ δ = ∅, pγ ∪ p ∪ pη is not a spiral, but is isotopic
to a cocore (not necessarily vertical) arc of Rd, Ru, Al or Ar. See the thickened blue
arcs in Figure 30 for some possible pictures of pγ ∪ p ∪ pη.
The isotopy of eliminating bigons does not affect any part of γ′ outside ∆. Hence,
we can assume that this isotopy replaces the cocore arcs pγ and pη with a cocore arc
isotopic to pγ ∪ p ∪ pη in either Al or Ar or Rd or Ru. Therefore, after the first wave
move and isotopy, γ′ ∩ Σ̂ still consists of cocore arcs. We may change the product
structure of Al, Ar, Rd and Ru so that each component of γ′ ∩ Σ̂ is a vertical arc with
respect to the new product structure.
(a) (b)
δ δ
Figure 30. Possible configurations for pη ∪ p ∪ pγ
Note that if the arc pη is the η-arc in the hexagon or pentagon in Figure 27(a, b),
then the triangle ∆ must contain part of the (vertical) α- or γ-edge of the octagon.
This implies that int(p) ∩ (α ∪ γ) 6= ∅, which is a contradiction. Thus pη must be
outside the hexagon or pentagon region in Figure 27. Hence the hexagon or pentagon
in Figure 27 is not affected by this isotopy on γ′.
Similar to Case (1), we continue with the wave moves and always denote the resulting
curves by α′ and γ′. Therefore, similar to Case (1), as long as there are [δ−, δ+] and
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[ε′−, ε′+] blocking edges in Γ(δ, ε′) (which implies that the next wave lies in an octagon
as in Figure 8(c)), we can repeatedly perform such wave moves with respect to {α′, γ′}.
Moreover, by the argument above, as long as α′ ∪ γ′ intersects the rectangles Rd and
Ru, we can perform an isotopy on the resulting curve so that the new α′ and γ′ after
the isotopy are composed of cocore arcs in Al, Ar, Rd and Ru.
Next we discuss the possible configurations of δ∩Al separately. Recall that we have
concluded that Figure 15 and Figure 26(c) are the only possible configurations for
δ ∩Al. First consider the configuration of δ ∩Al in Figures 15 (a) or (b). In these two
configurations, if we collapse δ into the train track τD, the x-arc of τD is a union of an
arc in Ar, a core arc of Rd and a core arc of Ru. As in Case (1), we perform a sequence
of wave moves which push arcs out of the x-arc. We stop performing the wave moves
when either α′∪γ′ intersects the x-arc in a single point or (α′∪γ′)∩(Ru∪Rd) = ∅ while
α′ ∪ γ′ still intersects the x-arc. If α′ ∪ γ′ intersects the x-arc in a single point, then
there is a single cocore arc in (α′ ∪ γ′)∩ (Ru ∪Ar ∪Rd) that intersects δ. Denote this
cocore arc by κ0. Since the involution pi interchangesRd andRu and since α′ and γ′ are
invariant under pi, the arc κ0 must be a cocore arc of Ar and (α′∪ γ′)∩ (Ru∪Rd) = ∅.
See the cocore arc in the right annulus in Figure 31 for a picture of κ0. Therefore, after
some wave moves, we reach a situation that (α′ ∪ γ′) ∩ (Ru ∪ Rd) = ∅ and α ∪ γ still
intersects the x-arc of τD.
Now the continuation of the argument is similar in spirit to the argument in the
proof of Lemma 2.2.4.We fix an orientation for ∂+P and as illustrated in Figure 31,
the two endpoints of each cocore arc of (α′ ∪ γ′) ∩ Al and (α′ ∪ γ′) ∩ Ar are a pair
of intersection points of (α′ ∪ γ′) ∩ ∂+P with the same sign. Since α′ ∪ γ′ does not
intersect Rd ∪Ru, (α′ ∪ γ′)∩ Σ̂ consists of cocore arcs in Al and Ar. This implies that
the intersection points of α′ ∩ ∂+P all have the same sign and the intersection points
of γ′ ∩ ∂+P all have the same sign.
δ
Figure 31. Orientations of ∂+P , α
′ and γ′
Let Rx and Ry be the two sub-rectangles Al r (J ul ∪ J dl ) and suppose X ⊂ ∂Rx.
See the shaded region in Figure 31 for a picture of Ry. Note that ρx is a y-arc of the
train track τD and the arcs of δ ∩ Ry project to the other y-arc of τD when we pinch
δ onto τD. Moreover, since both γ ∩ Rd 6= ∅ and γ ∩ Ru 6= ∅ before any wave move,
at least one wave move must be performed to reach this stage. Similar to the proof of
62 TAO LI, YOAV MORIAH, AND TALI PINSKY
Case (1), this implies that α′ ∪ γ′ intersects both y-arcs of the train track. In other
words, (α′ ∪ γ′) ∩Ry 6= ∅ and (α′ ∪ γ′) ∩ ρx 6= ∅.
Since the intersection points of δ with α′ and γ′ all have the same sign, the arcs of
(α′∪γ′)∩Ry and the arcs of (α′∪γ′)∩Rx which meet ρx must have opposite directions
with respect to the core curve of Al, see Figure 31 for a picture. In the argument above,
we concluded that the intersection points of α′ ∩ ∂+P all have the same sign and the
intersection points of γ′ ∩ ∂+P all have the same sign. Since the arcs in (α′ ∪ γ′) ∩Ry
and the arcs of α′ ∪ γ′ that meet ρx have opposite signs of intersection with the core
curve of the annulus Al (see Figure 31), the sign of the intersection points of α′ ∩ ∂+P
and the sign of intersection points of γ′ ∩ ∂+P are opposite. This implies that arcs in
(α′∪γ′)∩Ry can belong to only one of the curves in {α, γ}. Without loss of generality,
suppose arcs in (α′ ∪ γ′)∩Ry all belong to α′, then the arcs of α′ ∪ γ′ that meet ρx all
belong to γ′.
The conclusion above implies that one y-arc of τD intersects only α
′ and the other
y-arc of τD intersects only γ
′. So both y-arcs of τD are pure y-arcs. As the x-arc of τD
still intersects α′∪γ′, we can apply the argument for τE in Case (1) to τD. This proves
Case (2) if δ ∩ Al has a configuration as in Figures 15(a) or (b).
It remains to consider the case when the configuration of δ∩Al is as in Figures 15(c),
(d) or Figure 26(c). Recall that we have assumed that in these configurations, α ∪ γ
intersects the shaded regions in the respective figures. As discussed earlier, in Fig-
ures 15(c, d) and Figure 26(c), the δ-cusp at one end of the wave η is at a junction of
Al. As before, we perform the wave move along η in two steps. The first step of the
wave move “pushes out” a cocore arc in the respective shaded regions and changes it
into a pair of cocore arcs next to the cusp, see Figure 27(a) and Figure 14(b). As the
δ-cusp points into Al, one of the two cocore arcs next the the cusp is a cocore arc in Ru
(or Rd). Since the hexagon or pentagon region in Figure 27(a) or (b) is not affected
by the isotopy of removing the bigon, then after the wave move, α′ ∪ γ′ still contains
cocore arcs of Ru (and hence, by the hyperelliptic involution, of Rd).
Since α′ ∪ γ′ contains cocore arcs of Ru and Rd after the wave move described
above, Lemma 2.1.3 implies that α′ ∪ γ′ contains subarcs that are [δ−, δ+] edges. By
the hypothesis of Case (2), this means that we have not reached the last wave move, so
there is still an [ε′−, ε′+] edge and there is still a wave with respect to {α′, γ′}. So we
can continue these operations until α′ ∪ γ′ no longer intersects the shaded regions in
the respective Figures 15(c, d) and Figure 26(c). Therefore, after performing a number
of these operations, we reach a situation where:
(1) The curves in α′ ∪ γ′ do not intersect the shaded regions in the respective
Figures 15(c, d) and Figure 26(c).
(2) The set α′ ∩ γ′ still intersects Rd and Ru.
(3) There is still a wave with respect to {α′, γ′}.
As in Figure 16, we now perform an isotopy that changes the configurations in
Figure 15(c, d) into configurations similar to Figure 15(a, b). For the configuration
of Figure 26(c), we perform a similar isotopy near the shaded regions which changes
Figure 26(c) into the configuration in Figure 15(b). Since α′∪γ′ does not intersect the
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shaded regions, this isotopy changes the product structure of Al but does not affect
α′∪ γ′. After this isotopy, the configuration of δ∩Al is similar to Figures 15(a) or (b).
So we can repeat the proof above and this finishes the proof for Case (2).
Case (3): The Whitehead graph Γ(δ, ε′) contains no more [ε′−, ε′+] edge after the last
wave move ηk, and the weight of ε
′ at some edge of τE is one.
The hypothesis of Case (3) implies that there is a properly embedded arc τ in the
once-punctured torus T such that τ ∩ τE is a single point which is contained in the
segment of τE band sum parallel copies of the planar surfaces Pl and Pr and obtain a
planar surface Pε such that ∂+Pε ∩ T = τ . As in Claim 3.4.2, (Pε, E ′) is a (P ,D)-pair,
where E ′ is the disk in W bounded by ε′.
By Claim 3.4.3, we may assume |(α ∪ γ) ∩ τE| ≤ c0(P,D, α, γ). Since ∂+Pε inter-
sects both ε′ and τE in a single point, it follows from the definition of the complexity
that c0(Pε, E
′, α, γ) ≤ |(α ∪ γ) ∩ τE|. Thus c0(Pε, E ′, α, γ) ≤ c0(P,D, α, γ). Since
c0(P,D, α, γ) is minimal among all (P ,D)-pairs and all such curves α, the equality
holds. In particular, c0(Pε, E
′, α, γ) = |(α ∪ γ)∩ τE|. We may assume Pε is minimal in
the sense that |∂+Pε ∩ (α ∪ γ)| is the smallest among all such planar surfaces Pε with
∂+Pε intersecting both τE and ε
′ in a single point.
Let Σ̂ε be the closure (under the path metric) of Σ r ∂+Pε. Similar to the de-
composition of Σ̂ into rectangles and annuli, we have a similar decomposition of Σ̂ε
into a pair of annuli joined by a pair of rectangles. Moreover, each component of
(α ∪ γ) ∩ Σ̂ε is a cocore arc of an annulus or a rectangle in this decomposition. Since
c0(Pε, E
′, α, γ) = |(α∪γ)∩ τE|, each component of (α∪γ)∩ Σ̂ε intersects τE in at most
one point. Similar to the discussion on Σ̂ in Section 2.1, a cocore arc of a rectangle in
the decomposition is a boundary arc of a ∂-compressing disk for Pε, and if one performs
a ∂-compression on Pε, one obtains two planar surfaces whose ∂+-boundaries are the
core curves of the two annuli in the decomposition. This means that Lemma 2.1.3 is
also true for ε′ and this decomposition of Σ̂ε, in other words, ε′ passes through each
rectangle in the decomposition of Σ̂ε at least twice.
Since τE only has two cusps and since each component of (α ∪ γ) ∩ Σ̂ε intersects τE
in at most one point, the structure of τE in Σ̂ε is the same as the structure of τD in
Σ̂. In particular, ε′ must take one short path in each annulus in this decomposition.
As pointed out before Case (2), the argument in Case (2) only require c0(P,D, α, γ)
to be minimal. Since c0(Pε, E
′, α, γ) ≤ c0(P,D, α, γ) and since ε′ passes through each
rectangle in the decomposition of Σ̂ε at least twice (similar to Lemma 2.1.3), we have
all the ingredients for the argument in Case (2), and the argument in Case (2) also
works for ε′, ∂+Pε and Σ̂ε in this setup. Thus Case (3) follows from the argument
in Case (2) after switching the roles of δ, τD and ε
′, τE respectively and using the
rectangle-annulus structure of Σ̂ε instead of Σ̂.

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3.5. The Proof
In this section we prove the main Theorem 7.
Proof of Theorem 7. We begin with the meridional systems Ŵ = {δ, ε} and V̂ =
{α, γ}, as chosen in Section 1.3 for the Heegaard diagram for M . As described at
the beginning of Chapter 3, we consider all possible configurations of δ depending on
the paths that δ takes in the two annuli.
By Proposition 3.3.1 we only need to consider the cases where δ takes only short
paths. Now Propositions 3.4.1, 3.1.1 and 3.2.1 deal with the cases δ takes one path in
each annulus, two paths in one annulus and one path in the other and two paths in
each annulus, respectively. They show that either K is doubly primitive or that the
corresponding Heegaard diagram is not induced by a Heegaard splitting of M . This
proves Theorem 7.

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